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Apparatus is described for the production of argon atom beams of energies of 500 ev to 3500 ev and 
for the measurement of the elastic scattering of these beams in argon gas at rest. Differential scattering 
cross sections are found and from them an interaction potential over a range of 0.6 to 1.2A is de- 
termined. This is compared to the exponential repulsive term of the potential suggested by Bucking- 
ham for argon. The agreement is within the experimental error. 





INTRODUCTION 
NE of the most direct ways of investigating the 


force of interaction between atoms is to study 
the elastic scattering of a beam of such atoms when 
it traverses a like gas. Hoyt! has developed for clas- 
sical scattering a method by which numerical values 
of the potential as a function of distance may be 
obtained without any assumption as to the ana- 
lytical form of the potential function. To observe 
primarily the repulsive force and to investigate the 
potential for close distances of approach an ener- 
getic atom beam of several hundred to several 
thousand electron volts is required. In this energy 
range much work? has been done on the scattering 
and absorption of positive ions but here charge 
exchange between the ion and the gas atom may 
introduce complicating effects. The scattering of 
thermal energy molecular beams which, ‘however, 
lack homogeneity in energy has also been exten- 
sively investigated.* But very little work has been 
done with fast homogeneous neutral atom beams‘ 
with energy variable over a large range. Such beams 
may be produced by first forming an ion beam of 
the desired energy and then by means of charge 


1F, C. Hoyt, Phys. Rev. 55, 664 (1939). 

2 Some of these are: W. J. Hamm, Phys. Rev. 63, 433 (1943) ; 
A. J. Dempster, Phil. Mag. 3, 115 (1927); J. S. Tompson, 
Phys. Rev. 35, 1196 (1930); A. G. Rouse, Phys. Rev. 52, 1238 
(1937); J. H. Simons, e¢ al. J. Chem. Phys. 11, 307 (1943). 

3 Some of these are: S. Rosin and I. I. Rabi, Phys. Rev. 48, 
373 (1935); F. Knauer, Zeits. f. Physik 90, 559 (1934); R. M. 
Zabel, Phys. Rev. 46, 411 (1934). 

‘1. Amdur and H. Pearlman, J. Chem. Phys. 9, 503 (1941); 
I. Amdur, J. Chem. Phys. 11, 157 (1943). 


exchange with gas atoms present neutralize the 
ions thus having a neutral atom beam with the 
same energy as the original ion beam. Generally 
here because of the higher energies usually used 
techniques different than those developed in 
molecular beam work are employed. In the work 
reported here homogeneous argon atom beams of 
energies of 500 ev to 3500 ev have been produced, 
allowed to traverse a region containing argon gas, 
and the resulting scattering measured. 


EXPERIMENTAL PROCEDURE 


The sectional schematic diagram of Fig. 1 illus- 
trates the essential parts of the apparatus. The ion 
gun is a modification of an ion source developed by 
Finklestein.' There, ions are produced in a field free 
region P by bombardment of electrons from the 
filament F. The accelerating voltage for the elec- 
trons is generally 60V so as to produce a pre- 
ponderance of singly ionized argon ions.® These ions 
are then accelerated to the desired energy by the 
potential difference V. The ion beam next enters a 
region where argon gas is present at a pressure of 
several microns and where a charge exchange be- 
tween the ions in the beam and the gas atoms may 
occur. If the charge exchange collision occurs with 
only slight deflection the now fast atom may con- 
tinue through the 34-inch holes in the succeeding 
diaphragms to the scattering chamber. The dia- 
phragm D is at a potential of 45 volts more 


5 A, T. Finklestein, Rev. Sci. Inst. 11, 94 (1940). 
6 W. Bleakney, Phys. Rev. 36, 1303 (1930). 
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Fic. 1. Schematic diagram of apparatus. 


positive than the ion accelerating electrode to 
remove any unneutralized particles in the beam. 
To assure that the entire area of the opening is at 
the potential of the plate a fine wire mesh was 
placed in the diaphragm hole. 

The neutral argon beam of energy equal to that 
of the original ion beam now enters the scattering 
chamber S where argon gas is present at a pressure 
of 1.6 microns. To facilitate the measurement of the 
scattered atoms the collector was made to receive 
the full azimuthal angle. As shown in Fig. 1 scat- 


TABLE I. Values of the cross section for attenuation of the 
beam for various beam energies in electron volts. 
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tered atoms from the axis of the system can enter 
the collector if scattered at the proper angle from 
different positions: along the axis. Behind the 
receiver slit is a tantalum sheet so shaped that 
atoms entering through the center of the slit will 
strike it normally. If the electrode is slightly nega- 
tive secondary electrons will be removed and thus 
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Fic. 2. Polar scattering coefficient for argon in argon as a 
function of the angle in laboratory coordinates. 


be a measure of the number of scattered atoms 
entering the collector. A slightly positive grid at the 
entrance slit prevented the field for removing 
secondaries from extending out into the space 
about the slit and pulling stray positive ions to the 
collector. The collector is movable along the axis 
of the system by means of a mounting in a Wilson 
seal. A smaller concentric cylinder contained 
another tantalum strip which could be bombarded 
by the unscattered beam. When this cylinder is 
placed just beyond the entrance hole in E, the 
secondary electron current from K is a measure of 
the unscattered beam size. Also since this inner 
cylinder when pushed in would block the cone of 
scattered atoms to the collector, it could be used to 
check for spurious or background currents that 
might be collected by the electrodes and leads. This 
secondary electron current produced by bombard- 
ment of collector surface by the scattered atoms 
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Fic. 3. Cross section for scattering outside @ as a function of 
6 in center of mass coordinates. 


was of the order of 10-" to 10-” ampere and was 
measured by an FP-54 circuit in conjunction with a 
galvanometer. The secondary electron current 
produced by the unscattered beam on electrode K 
was well within galvanometer range. 

As the collector R is moved away from the 
entrance hole the angular range of scattered atoms 
directed to the collector is increased with the 
smallest angle of scattering collected occuring for 
the element of path just inside the scattering 
chamber. This increase in the secondary electron 
current caused by moving the collector a distance 
dx from the entrance aperture can be written in 
terms of the polar scattering coefficient f(@) as, 


dS = oI N {f(8m) +f(90° — Om) } Onde — Noa Sdee, 


where the first term represents the increase in the 
collector current S caused by the additional scat- 
tering path dx. And the second term represents the 
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decrease in S that results from the further attenu- 
ation of the unscattered beam by the introduction 
of this additional path dx. In the equation, S=sec- 
ondary electron current in the collector, xe= number 
of secondary electrons removed per neutral par- 
ticle?® with energy characteristic of #., J =unscat- 
tered beam intensity, N=number of scattering 
atoms per cm’, f(@) = polar scattering coefficient for 
beam atoms, f(90°— 6) = polar scattering coefficient 
for knocked on atoms since the particles are of 
equal mass, d@,,=angle subtended by collector slit 
at the center of the element of path dx at entrance 
aperture, and o4=cross section for attenuation of 
unscattered beam. This equation may be solved for 


F(8m) =f( Om) +f(90° — Om); 
F (0m) = [ds/dx-+NoaS ]/xoINdOm. 


Since the atoms scattered from the element dx at 
the entrance hole into the collector may undergo 
additional scattering, the F(@) obtained above is 
divided by e—**44, where d is the distance from dx 
to the collector slit. Actually the cross section for 
this process will depend upon the angle subtended 
by the collector slit at the scattering point. For, 
the particle is lost to the scattering cone only if it 
is again scattered outside of this angle. Since the 
average angle subtended by the slit is small, the 
same cross section is used as for the beam attenu- 
ation. 

To determine S as a function of x the collector 
is moved back in 5-mm steps starting at the 
entrance hole. Each reading was corrected for 
background currents by intercepting the scattered 
atom cone with the inner cylinder. From a curve 
of S vs. x the slope dS/dx for various angles 0, is 
obtained and F(@) calculated. 

Since the corrections involving o4 are small (a 
few percent except for the 500-ev scattering where 
a maximum correction of 15 percent was applied) 
only a rough value of o4 was determined. A dia- 
phragm with a small hole is placed in the front of 
the collector assembly such that the collector can 
receive atoms scattered only from about 35° to 90° 
no matter what its position. Consequently if the 
scattered current is measured for two positions / cm 
apart, the ratio of the currents=e—"*4! from which 
oa may be determined for the different beam ener- 
gies. These are given in Table I. 


RESULTS 


The curves of F(@) obtained as a result of the 
treatment outlined above are shown in Fig. 2. As 
would be expected the curves have a minimum at 
45°, but are not symmetrical about this minimum. 


Since the larger angles correspond to small x and 


7H. W. Berry, Phys. Rev. 74, 848 (1948). 
8 A. Rostagni, Zeits. f. Physik 88,55 (1934). 
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Fic. 4. Interaction potential for argon from experimental 
results (solid line). Repulsive term of Buckingham’s potential 
function for argon (dashed line). 


small S, there exists for these a greater error in 
measurement. A small error in x or alignment of the 
apparatus will produce sizable errors in the calcu- 
lation of the angle 0,, for large values of 0, producing 
little error for angles less than 45°. Also, the values 
of xe used for the large angles (low energies) were 
found by extrapolation of the curves given in 
reference 7, following the trend indicated in 
reference 8. This too may be a source of large error. 
Consequently, only the part of the curve from 15° 
to 45° was used in determining the polar scattering 
coefficient f(@). To find this, the following approxi- 
mate graphical method is used. A curve is drawn 
such that 


f(0)=43F(8) at 9=45° 
f(0)=0 at @=90° 
f(0)—>F(0) as 6-0° 


and such that the sum of f(@) and f(90°—@) equals 
F(@) for intervening points. For the method of 
analysis used here the cross section for scattering 
outside of the angle 6 is needed. So the f(@) curves 
were integrated graphically to give the curves 
shown in Fig. 3, where 


wine J "de, 


6’=relative angle of scattering and 6’=26(labora- 
tory coordinates). The energies shown for the 
curves are also those in the center of mass system. 

As described by Hoyt,! the method for deducing 
the interaction potential from the scattering cross 
section is as follows. The equation for the angle of 
deflection 6 can be rewritten in terms of a deflection 
parameter, p=2/2—0/2, and with angular mo- 
mentum L=constant. The equation for p will 
contain the energy E of the particle as a parameter 
and can be rewritten so as to have the form of an 
Abelian integral equation. This can be solved for 
a known function of r, the distance between atom 










916 H. W. 
centers, in terms of an integral over the energy. 
Choosing a value of angular momentum within the 
experimental range, values of o@ are obtained for 
the values of E used in the experiment from the 
equation 

op = 1 L?/ 2mE, 


where m=reduced mass. 

From the experimental curves of oo vs. 0, 8 may 
be found for a given Z and E, and consequently 
p(E). From these values the integral 


1 (2m)! 7” p(E)dE 
ris aL J 


(U—E)} 
can be found graphically where 
U=V(r)+L?/2mr? 


and V(r) the interaction potential deduced. 

The potential curve so determined with L=15 
X10-*5 g-cm?/sec. is shown in Fig. 4. If a different 
L is chosen, say L=20X10-*5 g-cm?/sec., which is 
about the upper value that may be used with this 
data a slightly different V(r) is obtained, fitting 
closely the curve shown from 0.8 to 1.2A and about 
10 percent lower for smaller values of 7. If L=10 
X10-*5 g-cm?/sec., again the values for V(r) fit the 
curve in Fig. 4 from 0.8 to 1.2A but are about 10 
percent higher for smaller r. 

Also plotted in Fig. 4 as the dashed line is the 
repulsive term from Buckingham’s? potential func- 





®R. A. Buckingham, Proc. Roy. Soc. A168, 264 (1938). 
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tion for argon atoms. This is V(r) = 1690e~ 0.273) 
X10-" ergs with r in A. The fit is surprisingly good 
in view of the much higher interaction energies 
used here in comparison with the thermal energies 
for which range the potential function was deter- 
mined. An exponential term of this type has also 
been suggested by calculations of Bleich and 
Mayer’? for neon and Slater and Kirkwood" for 
helium. 


PRESENCE OF POSITIVE IONS 


When the collector electrode is made positive 
with respect to the grid, secondary electrons will be 
held and the current measured would be that of the 
charged particles striking the surface. For the 
higher energy beams there occurred under these 
circumstances a small positive current indicating 
positive ions directed to the collector. This positive 
ion current increased as the angular range of ac- 
ceptance increased from 90° to 65° or 70°. Beyond 
this it remained about constant and was about 5 
percent of the secondary current produced by 
incoming neutrals at 15°. This might indicate a 
preponderance of positive ions produced by inelastic 
scattering at the larger angles, but because of the 
large cross section for neutralization?” of an ion 
in its own gas, this is very uncertain. 

This work was supported in part by the Office of 
Naval Research under project NR-019-610. 

10W. E. Bleich and J. E. Mayer, J. Chem. Phys. 2, 252 


(1934). 
uJ. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 


(1931). 
#2 B. Rosen and H. Kallmann, Zeits. f. Physik 61, 61 (1930). 
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Following the 6-decay of N!" an excited state of O is formed that is unstable against neutron emis- 
sion, The energy distribution of these neutrons has been measured with a hydrogen-filled cloud 


chamber. The results indicate that the B-decay of N!? leaves the O" nucleus in one or more excited 


states and that, if there is only one excited state, it is at least 0.6 Mev wide. 





HEN bombarded with high energy deuterons, 

the elements just above oxygen in the peri- 

odic table have been found to yield delayed neu- 

trons! analogous to those found in fission products.” 

The neutrons are emitted with a period that corre- 

sponds to a 4.14-second half-life! The nucleus 

responsible for this period has been identified by 

Alvarez’? to be N!’, which 8-decays to give an ex- 

cited state of O!”, which in turn emits a neutron 
and becomes O"*, 

Alvarez? has some preliminary data which indic- 
cate that there is a spread in the energy of the 
neutrons from O" and hence that the energy level 
from which they come is broad. The object of this 
investigation was to determine the neutron energy 
spectrum from the ranges of the knock-on protons 
in a hydrogen-filled cloud chamber. The cloud- 
chamber equipment was essentially the same as 
that used in a previous experiment‘ except that 
the chamber was removed from the magnet. The 
target was a LiF crystal (33x?) which was 
clamped to a spool and blown back and forth be- 
tween the cyclotron and the cloud chamber through 
a pneumatic tube. The spool was stopped at a 
position in the tube such that the target was three 
feet outside of the concrete shielding and six feet 
from the cloud chamber (see Fig. 1). The target 
was bombarded by the circulating 195-Mev deu- 
teron beam of the cyclotron for thirty seconds and 
then blown out to the cloud chamber which was ex- 
panded manually a few seconds after the target 
came to rest. The cloud-chamber clearing field was 
not turned off until the time of the expansion so 
that those ions that were formed before the target 
stopped moving were swept out before the vapor 


1Knable, Lawrence, Leith, Moyer, and Thornton, Bull. 
Am. Phys. Soc. F9 (April 29, 1948); W. W. Chupp and E. M. 
McMillan, Bull. Am. Phys. Soc. F10 (April 29, 1948). 

2 Snell, Nedzel, Ibsen, Levinger, Wilkinson, and Sampson, 
Phys. Rev. 72, 541 (1947); Snell, Levinger, Meiners, Sampson, 
and Wilkinson, Phys. Rev. 72, 545 (1947); R. B. Roberts, 
R. C. Meyer, and P. Wang, Phys. Rev. 55, 510 (1939); 
Roberts, Meyer, Hafstad, and Wang, Phys. Rev. 55, 664 
(1939); E. T. Booth, J. R. Dunning, and F. G. Slack, Phys. 
Rev. 55, 876 (1939); Hughes, Dabbs, Cahn, and Hall, Phys. 
Rev. 73, 111 (1948). 

3L. W. Alvarez, Bull. Am. Phys. Soc. F11 (April 1948). 

_ ‘ Brueckner, Hartsough, Hayward, and Powell, Phys. Rev. 
(in press). 
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could condense on them. The cyclotron was turned 
off after the bombardment, and since the target 
spent about ten seconds moving out to the cloud 
chamber, we may be certain that those events that 
occurred in the chamber were due to the target. 

The neutron energy is related to the energy of 
its knock-on proton by the equation En = Ep/cos?6, 
where @ is the scatter angle. The proton range and 
the angle that the proton makes with the direction 
of the incident neutron have been measured by 
reprojection.* The range-energy curve (Fig. 2) for 
the chamber pressure, which was 129.4 cm of H» 
saturated with a 2:1 alcohol-water mixture, has 
been calculated by A. A. Garren. 

A region in the cloud chamber was chosen for 
selecting the tracks such that all those that started 
within this region would also end in the illuminated 
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Fic. 1, The experimental arrangement showing the position 
of the cloud chamber relative to the pneumatic tube, target, 
and cyclotron, 
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Fic. 2. Range of protons in hydrogen gas, alcohol, and 
water vapor at a 2:1 ratio by volume (of the liquid), at 
129.4 cm Hg, and 20°C. 


area. All tracks having scatter angles larger than 
30° were excluded in order to minimize the error 
which is introduced by including recoils from neu- 
trons that have scattered first from the walls of 
the chamber before producing a knock-on proton 
in the gas. If all scatter angles are included, the 
neutron energy distribution contains a few neu- 
trons with energies as high as 10 Mev, but these all 
arise from protons with large scatter angles and 
hence afe due to neutrons that did not come di- 
rectly from the target. In the early stages of the 
experiment a small number of tracks, large scatter 
angles included, were measured. Out of twenty 
protons with scatter angles greater than 30°, only 
two gave exorbitant neutron energies. From this we 
estimate that about 10 percent of the neutrons 
included had undergone scattering previous to 
producing the recoil in the gas. Of course, those 
protons that have small scatter angles give the 
most accurate determination of the energy of the 
neutron producing them. There are not many 
protons with scatter angles smaller than 10°, but 
when the neutron energy distribution that they 
yield is plotted, it is found to agree very well with 
that obtained when all scatter angles up to 30° are 
included. 

The ranges of all the protons produced by neu- 
trons having energies greater than 0.5 Mev have 
been measured. The proton ranges were measured 
to 1 mm. This gives an error in the neutron energy 
small compared to that caused by the errors in 
measuring the angles. Tracks of all ages have been 
included. The width of a track gives a rough esti- 
mate of its age. It has been assumed that all ‘‘new”’ 
tracks, those less than 0.1 cm wide, were produced 
by protons that traversed the cloud chamber after 


the expansion and that all those wider than 0.1 cm 
passed through before the expansion. In obtaining 
the energy from the proton range, the expanded 
pressure was used for all ‘‘new” tracks and the 
compressed pressure for all the rest. This seems 
justifiable since, when the data were divided into 
four different groups corresponding to four different 
ages, all gave essentially the same energy distribu- 
tion. In Fig. 3 the solid histogram represents all the 
data and the dotted one only those obtained from 
sharp tracks. More weight should be attached to 
the new tracks than to the old, since their scatter 
angles can be measured to +1° whereas the old 
tracks were measured to only +3°. The errors in 
the neutron energies due to measurement have been 
estimated to be +6 percent for diffuse tracks and 
+2 percent for sharp ones. 

One factor that made the determination of the 
scatter angles difficult was the multiple scattering 
of the protons by the gas. This is unimportant in 
the case of the sharp tracks because they are so 
easy to measure, and since the neutron distribu- 
tions obtained from either kinds of tracks are es- 
sentially the same (Fig. 3), we conclude that there 
are no large errors in the energy distribution because 
of multiple scattering. 

One of the checks made in the experiment was to 
calculate the number of neutrons scattered per unit 
solid angle in the center of mass system for three 
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Fic. 3. The solid histograms shows the neutron energy dis- 
tribution based on all 391 tracks. The dotted histogram is that 
obtained when only new tracks (those less than 0.1 cm wide) 
are included; their energies have been corrected for the fact 
that these particles traversed the cloud chamber after the 
pressure had fallen by 13 percent, 
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groups of tracks. This number should be a constant 


well within the standard deviations, are 305+42, 
976+23, and 270+19. The standard deviations 
are based on the number of tracks. 

The solid histogram in Fig. 3, based on 391 
proton recoils, shows the energy distribution of the 
neutrons; it has been corrected for the variation 
of the scattering cross section with energy using the 
experimental data cited by Bohm and Richman. 
The spread in the curve is about commensurate 
with that to be expected from experimental error 
in the measurement of a single energy. However, 
it should be pointed out that the high energy tail 
is real since it comes from proton recoils that have 
energies as high as 1.6 Mev (see Fig. 4). The lower 
energy end of the curve is not so clear-cut since the 
recoils responsible for it may be produced by neu- 
trons that have already been scattered before 
producing knock-ons in the gas of the chamber. 
This neutron distribution permits one of two con- 
clusions. The first is that the energy level from 
which the neutron comes is at least 0.6 Mev wide. 
The other alternative is that there is more than one 
neutron energy—for example, one at 1 Mev and 
a second near 1.8 Mev. The higher energy neutron 
would then be emitted very infrequently compared 
to the 1-Mev neutron. Alvarez has tried to correlate 
two such neutron energies with their corresponding 
B-rays. His result is not conclusive and certainly not 
inconsistent with either alternative. 

The author wishes to express appreciation to 


5D. Bohm and C. Richman, Phys. Rev. 71, 567 (1947). 
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Fic. 4, This histogram shows the energy spectrum of the 
knock-on protons as they were actually observed. The small, 
though significant, number of protons having energies above 
1.2 Mev indicates that the high energy end of the neutron 
energy spectrum is real and not due to neutrons that have 
scattered before producing knock-ons in the gas. 


Professor Ernest O. Lawrence for his interest and 
encouragement and to acknowledge the very help- 
ful discussions with Drs. R. L. Thornton, L. W. 
Alvarez, W. M. Powell, and E. Segré. I wish to 
thank Marguerite Hayward, Walter Hartsough, 
Raymond Butler, and Wallace Kilpatrick for their 
help. 

This paper is based on work performed under the 
auspices of the Atomic Energy Commission. 
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A photographic technique was used to set upper limits on the fission cross section of some of the 


naturally occurring heavy elements below radium when these are bombarded by 14-Mev neutrons; the 
Los Alamos Van de Graaff, utilizing the T(d, n)He* reaction, comprised the neutron source. It is 
established that the fission cross sections of the elements investigated are less than approximately 


10-5 of the cross section of U8, 


I. INTRODUCTION 


ANY -of the investigations of the fission- 
abilities of various elements, from number 


83 down,! date back to the early experiments on 


* This document is based on work performed at Los Alamos 


Scientific Laboratory of the University of California under 
Government Contract W-7405-eng-36. 


1F. Joliot, Comptes Rendus 208, 341 (1939); J. de phys. et 






fission. In all of this work rather weak neutron 
sources were used, and it is therefore not too sur- 
prising that negative results were obtained in 
nearly all studies. An exception to this was the 


rad. (7) 10, 159 (1939); J. Thibaud and A. Moussa, Comptes 
Rendus 208, 134 (1939); A. Jdanoff and L. Myssowsky, 
Nature 143, 794 (1939); L. W. Alvarez and C. K. Green, Phys. 
Rev. 55, 417 (1939). 
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work of Magnan? who used an ionization chamber 
to observe what he thought were fission pulses from 
gold, tungsten, and even titanium bombarded by 
Li-D neutrons. However, Roberts, Meyer, and 
Hafstad,? also using Li-D neutrons, could not 
find fission in bismuth, lead, thorium, mercury, 
gold, platinum, or tungsten greater than 0.001 of the 
effect in uranium. Unfortunately this cross-section 
ratio appears to refer to a mixture of neutron 
energies, including neutrons slowed down in par- 
affin as well as the primary distribution of fast 
neutrons from the Li-D reaction. Some of the best 
work on the fissionability of the naturally occurring 
heavy elements below radium, although the results 
are described as very approximate by the authors, 
was done by Broda and Wright,‘ again using Li-D 
neutrons. Their results indicate the following upper 
limits for the cross sections of lead and bismuth: 


[o(Pb?°*) /o(U*) ]<9X10-%, 
[o(Pb?")/o(U**) ]< 9X10, 
[o(Pb?°*) /o(U*8) ]<4X10-§, 

[o(Bi)/o(U**) ]<7X10-5. 


However, as is pointed out by the authors, this 
work, too, is far from conclusive, even within the 
limits set by the result. In the first place, the method 
used to detect fission consisted of bombarding 
considerable quantities of lead and bismuth with 
neutrons, extracting and measuring the amount of 
radioactive iodine and calculating from this the 
number of fissions produced. This method not only 
assumes that one of the fission products of the 
element under investigation will be iodine, but also 
that the probability of formation of this fission 
product is of the same order as it is in uranium. 
It should also be noted that the above deduced 
cross sections refer to the whole Li-D neutron 
spectrum. Although it is true that the maximum 
neutron energy from Li-D reaction is approxi- 
mately 14 Mev for this deuteron energy, only 
about ten percent of the neutrons are in this energy 
range.® This, together with the fact that relatively 
large masses of material were used (10 kg in the 
case of lead and 4.5 kg in the case of bismuth, 
allowing possible energy loss from scattering in the 
material) introduces another large uncertainty into 
the measurements, since the fission cross section 
is probably very energy-sensitive near threshold. 
Broda,® utilizing the same neutron source as above, 
also attempted to determine the upper limits of 
the fission cross sections of lead and bismuth by the 
use of Ilford alpha-sensitive emulsions. His con- 


2 C. Magnan, Comptes Rendus 208, 742 (1939). 

* R. B. Roberts, R. C. Meyer, and L. R. Hofstad, Phys. Rev. 
55, 416 (1939). 

4E. Broda and P. K. Wright, Nature 158, 871 (1946). 

5H. T. Richards, Phys. Rev. 59, 796 (1941). 

*E. Broda, Nature 158, 872 (1946). 
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clusions are as follows: 


[o(Pb?**) /o(U**)] < 1.47X10-, 
[o(Pb**)/o(U**) ]<8X10~, 
[o(Bi)/o(U**) ]<5.5x10-. 


Although in this work the difficulties inherent in 
the chemical method previously used were over. 
come, the uncertainty due to the non-monoener. 
getic neutron beam still remained. 

Borst and Floyd’ have made a precise study of 
the fissionabilities of lead, bismuth, and polonium 
for thermal neutrons. Since not even U** or Th? 
fissions for thermal neutrons, it was not surprising 
that a negative result was again obtained. 

The above summary includes most of the nega- 
tive evidence, along with some indication of posi- 
tive evidence, for the neutron fission of naturally 
occurring heavy elements below number 83. 

It has recently been shown by Perlman, Goecker. 
mann, Templeton, and Howland® that fission can 
be induced in elements occurring in the range of 
atomic number 83 to 73 with at least one of the 
following particles produced by the 184-inch 
Berkeley cyclotron: 400-Mev alphas, 200-Mev 
deuterons, 100-Mev neutrons. This result was es- 
tablished by chemically identifying many of the 
fission products. It has also been found by Kelley 
and Wiegand,® using counter techniques, that the 
elements from lead to bismuth all show fission for 
neutron energies below 90 Mev and down to 28 
Mev in the case of bismuth, no data being obtained 
below 28 Mev, presumably due to difficulties in 
obtaining enough intensity at such low energies 
with the 184-inch Berkeley cyclotron. 

It has been shown by Mattauch” that theoretical 
considerations, based on the liquid drop model of 
the nucleus, do not exclude fission of the elements 
of atomic number 83 and less. If one considers the 
compound nucleus formed by neutron capture in 
lead and bismuth, the threshold energies expected 
would be as follows: 


Bi##\— 9.3 Mev, 
Pb?*"—10.0 Mev, 
Pb?°%—10.4 Mev, 
Pb?°—10.7 Mev. 


If one assumes the neutron binding energies to be 
5.4 Mev and 6.4 Mev for initial nuclei with even 
and odd number of neutrons, respectively, only 3.9 
Mev would have to be supplied to Bi?, and 4.6, 
4.0, and 5.3 Mev to Pb?%, Pb’, and Pb?%, respec- 
tively as kinetic neutron energy to reach the fission 


_ threshold. 


™L. B. Borst and J. J. Floyd, Phys. Rev. 70, 107 (1946). 

§ Perlman, Goeckermann, Templeton, and Howland, Phys. 
Rev. 72, 351 (1947). 

°E. L. Kelley and C. Wiegand, Phys. Rev. 73, 1135 (1948). 


10 J. Mattauch, Kernphysikalische tabellen (Berlin, 1942), p. 





FISSION CROSS SECTIONS 


Frankel and Metropolis"! have very recently 
made much more elaborate calculations with the 
aid of an electronic calculator, the Eniac, from 
which they deduce that the fission threshold for 
bismuth, for example, is approximately 18 Mev. 
However even this value is somewhat lower than 
the total energy that was available to us in the 
form of kinetic neutron energy and neutron binding 
energy. 

Since we had available a monoenergetic source 
of 14-Mev neutrons, it was felt desirable to ascer- 
tain whether the fission threshold, in terms of 
kinetic nentron energy necessary to produce fission, 
for some of the elements under consideration might 
be below 14 Mev and, if so, to determine the fission 
cross section at this energy. 


II, EXPERIMENTAL PROCEDURE 


The method chosen for doing this experiment 
was very similar to that employed by Borst and 
Floyd in their studies with thermal neutrons. It 
essentially consisted of determining the ratio of the 
number of fission tracks recorded in a photographic 
emulsion which had been in contact with a thin foil 
of the element under investigation to the number of 
fission tracks recorded in a similar photographic 
emulsion which had been in contact with a thin 
foil of U8, after each had been simultaneously 
exposed to approximately the same neutron flux. 

It has been shown by Borst and Floyd? and veri- 
fied by the present authors for the emulsions which 
we used, that Eastman “special fission particle 
plates,’ although extremely insensitive to gammas, 
protons, and alpha-particles, respond with 100 per- 
cent efficiency to fission fragments, whether one 
records the track due to both or to one of the frag- 
ments, as was the case in thé present experiment. 
Since, from mass considerations, the kinetic energy 
liberated in the fission of elements from bismuth 
to tungsten would be approximately the same as is 
liberated in the case of uranium, one would cer- 
tainly expect to record fission tracks from these 
elements with the same efficiency as from uranium. 

Figure 1 shows a typical track produced by 
one fission fragment originating in one of our U*® 
monitoring foils. This photomicrograph, taken at 
900 diameters, has not been retouched at any stage 
of its development. From this it can be seen that 
fission tracks are quite easily resolved from back- 
ground. 

The foils used in this experiment were approxi- 
mately 1.0 mg per cm? thick. These foils were made 
as follows :* 


U—“Zapon technique’’—UO.(NOs)2-6H:O was added to a 
one percent solution of Zapon in Zapon thinner; the result- 


11S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 


* All foils were made by James Gilmore and Robert Potter 
of the Los Alamos Scientific Laboratory. 
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ing solution was painted on platinum and reduced to oxide 
by heating. 

Bi, Pb, and Au—Electroplating on platinum. ‘ 

Ir—“Burn-on method”"%—IrCl, was dissolved in hexyl- 
alcohol and a small amount of oil of rosemary. The solution 
was painted on glass and reduced by heating. 

Hg—Slurry technique—water dispersion of HgO. 

W—A solution of ammonium tungstate, glycerine, and water 
was painted on platinum and heated to 600°C. 


The amount of material in each foil was determined 
by weighing toan accuracy of about 0.5 percent. The 
U*8 concentrations in the monitor foils were checked 
by making an alpha-particle count. The neutron 
source was the Los Alamos Van de Graaff, utilizing 
the T(d, m)He* reaction. The source strength was 
about 5X10® neutrons per second and the total 
energy spread about 500 kev at 14-Mev neutron 
energy. It is not possible in the present experimental 
set-up to exclude neutrons of, say, less than half 
the above energy, but all indications at lower bom- 
barding energies (up to 200-kev deuterons) in this 
reaction and in comparable Q value reactions such 
as Li®(d, a)Het, Q=22 Mev; Li’(p, a)He*, Q=17 
Mev, and Li’(p, y)Be*’, Q=17 Mev, are that no 
excited states for He‘ exist to an excitation energy 
of about 20 Mev and therefore the neutrons used 
here should be monoenergetic. The exact procedure 
for the experiment was as follows: Foils of the 
elements to be investigated were placed in contact 
with Eastman ‘“‘special fission plates.’’ Also placed 
in contact with fission plates were two foils of U** 
which acted as neutron monitors. The foils of the 
elements under investigation, each now in contact 
with a fission plate, were sandwiched between the 
monitoring assemblies and exposed to the neutron 
beam in such an orientation that one of the monitors 
was closest to the target from which the neutrons 
were emitted, while the second monitor was farthest 


Fic. 1. Typical tracks each produced by one fission fragment 
in one of the U*** monitoring foils. 


22 J. Strong, Procedures in Experimental Physics (Prentice- 


Hall, Inc., New York,,1946),ip. 150. 
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from the target. After a time such that the monitor 
plates would have recorded approximately 8 tracks 

* per field of view at 900 diameters, the plates were 
developed and their analysis begun. All plates were 
investigated at 900 diameters, using dark field 
illumination, an apochromatic 1.5 millimeter ob- 
jective with iris diaphragm and compensating eye- 
pieces. 

The plates which had been in contact with the 
U*® monitoring foils were first examined and the 
number of tracks for 1000 fields of view deter- 
mined. The plates which had been in contact with 
the elements under study were then investigated, 
approximately 10,000 fields of view being searched 
for fission tracks in each plate, and the number of 
fission tracks per thousand fields of view again 
determined. The solid angle correction for the neu- 
tron intensity at each of the foils under study was 
determined from the variation of neutron intensity 
at the two monitors. This correction could be ac- 
curately applied since the intensity at the two 
monitors varied by only 20 percent. 


Ill. RESULTS 


Two fission tracks were found in the emulsion 
which had been in contact with lead and one in each 
of the emulsions which had been in contact with 
bismuth, mercury, and gold. No tracks were found 
in the emulsions which had been in contact with 
tungsten and iridium. It was of course realized 
that very small amounts of uranium or thorium 
contamination could account for the observed 
tracks. Each of the elements was therefore spec- 
trographically analysed for uranium. This analysis 
was done under supervision of John B. Marling. 
The analysis indicated less than 0.01 percent 
uranium impurities. However, since much less 
uranium impurity would have accounted for the 
observed number of fission tracks, the results of 
the analysis are quite inconclusive. It is therefore 
only possible to give an upper limit for the fission 
cross section of the elements investigated. The 
cross section of each element is given in terms of 
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the cross section of U** by 


Co Cty8A 
< 


o(u™)  CymtA y=’ 





where C=number of tracks per 1000 fields of view, 
t=foil thickness, A =atomic weight. In the case of 
U8, C has been corrected so that it gives the num- 
ber of tracks per 1000 fields of view if the monitor- 
ing foil were at the same place as the foil whose cross 
section is being computed. The results are given 
below, the effect in lead being proportionately 
ascribed to each of the normally occurring isotopes, 


o(pi) <1.4X10-*9 
o(pp?) < 1.3x10-"" 
o(pp?°*) €8.2«10- 
o(pp”) < 8.6 10-9 
o( pp?) < 3.7X<10-?9 
o(ug) <£6.7X10-* 
o(au) <1.210-% 
o(t:) <1.5X10-2° 
o(w) <1.2X10-%9 


IV. CONCLUSIONS 


Although it is quite possible to get better sta- 
tistics on the results of these cross section measure- 
ments (the statistical standard error now of course 
being about 100 percent), it is felt not worth while 
to do this in view of the uncertainty concerning 
uranium contamination. What would be more to 
the point, in view of the results of Kelley and 
Wiegand® and thé calculations of Frankel and 
Metropolis," is a repetition of the above experiment 
on bismuth and lead for monoergic neutrons in the 
energy range from 14 to 30 Mev, in order to de- 
termine whether there is a more or less sharp 
threshold, and if such does not exist, to determine 
at what energies the cross sections become measur- 
able (approximately equal to 10 that of uranium). 
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The counting efficiency of a low pressure Geiger-Mueller counter for the ionizing cosmic radiation 
penetrating various thicknesses of lead has been measured at 4300-meter altitude. From existing data 
it is possible to determine the counting efficiency expected for mesotrons alone at that altitude. For 
thicknesses greater than 100 g/cm? electrons are excluded, and the observed excess in counting 
efficiency over that expected for mesotrons can be interpreted as due to heavily ionizing particles. On 
the assumption that these are protons the data indicate, for example, that 17+5 percent of the radia- 


tion penetrating 167 g/cm* Pb consists of protons. 








HE ionizing component of cosmic radiation 
in the atmosphere is thought to be comprised 
of electrons, mesotrons (of various kinds), protons, 
and heavier nuclear particles. The intensity varia- 
tions of the different sub-components with atmos- 
pheric depth furnish the most useful information 
from which conclusions may be drawn regarding 
the collision processes involved in their genesis and 
absorption. 

The principal means! which have been employed 
heretofore to distinguish these various particles are 
the cloud chamber and the proportional counter: 
Geiger counter experiments have also been per- 
formed in which some particular property of the 
radiation concerned (e.g., radioactive decay, ab- 
sorption properties, shower production) is utilized 
to distinguish the component. In addition it was 
suggested some years ago? that the use of low pres- 
sure Geiger counters might afford a means of dis- 
criminating between components without sacri- 
ficing the simplicity and ruggedness of ordinary 
coincidence circuits. 

We have recently given further attention to this 
suggestion with the aim of using such methods to 
resolve the components at various altitudes. The 
basis of the method lies in the dependence of the 
efficiency of a low pressure counter upon the pri- 
mary ionization of a particle which traverses its 
sensitive volume. The dependence which is well 
known is as follows: 


e=1—e WP, (1) 


Here J, is the average path length through the 
sensitive volume, J the primary ionization (N.T.P.), 
P the counter pressure in atmospheres. Such a 
counter could count 108-ev mesotrons (J=min.) 
with 20 percent efficiency but 10*-ev protons 
(J=4Xmin.) with about 60 percent efficiency. 
* This investigation was assisted by the joint program of the 
ONR and the AEC. Also supported in part by the National 
raphic Society. 
1 See, for example, W. F. G. Swann, Reports on Progress in 
Physics 10, 1 (1946). 
(1936) E. Danforth and W. E. Ramsey, Phys. Rev. 49, 854 
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The relation given above depends only upon the 
assumptions that the initiation of a single ion pair 
within the counter will cause a discharge and that 
a negligible number of secondaries emerge from the 
counter wall upon the passage of a particle. Both 
points have received indirect experimental confirma- 
tion ;** the latter is investigated more thoroughly 
in the appendix. 

The low pressure counter method has been suc- 
cessfully applied to the determination of the pri- 
mary ionization in various gases by sea-level cosmic 
radiation” * and to the variation of primary ioniza- 
tion with the energy of fast electrons.4 This paper 
reports the results of an experiment carried out at 
4300-meters altitude (summit of Mt. Evans, 
Colorado) in which was observed the variation of 
the counting efficiency of a low pressure counter 
with the penetrating power of the ionizing radia- 
tion at that altitude. The results indicate the pres- 
ence of heavily ionizing penetrating particles. If it is 
assumed that they are protons, a rough determina- 
tion of their intensity relative to the total ionizing 
component penetrating various thicknesses of lead 


EFFECTIVE EFFICIENCY 
OF COUNTER 3: 
1,2,3,4,5 C/MIN 


eee nee 
C*~l 24,5 C7MIN 


Fre. 1. Counter 


VARIABLE telescope. 
Po 
ABSORBER 
0-36 Cus. 
10 cus. 
OO 4 
OO 5 
3 M. G. E. Cosyns, Bull. Acad. Belg. 5, 498 (1937). 
4F. L. Hereford, Phys. Rev. 74, 579 (1948). 
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is possible. With the exception of the part played by 
o-mesons,® this component is probably responsible 
for the observed nuclear reactions in cosmic-ray 
phenomena. 


EXPERIMENTAL METHOD 


The counter telescope employed in the present 
experiment (Fig. 1) consisted of four trays of argon- 
butane counters (1, 2,4, 5) and a single low pres- 
sure hydrogen counter (3) constructed of square 
cross-section brass tubing. The total counter wall 
thickness in the telescope was 6.1 gm/cm?. Counter 
3 was filled with pure hydrogen to a pressure of 
4.0 cm Hg, the hydrogen being admitted through a 
palladium leak after the usual cleaning and baking 
procedures were completed. In the coincidence 





58 - . . 
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t G7CM* Pb 


Fic. 2. The observed ratio of fivefold to fourfold coincidence 
rates for the radiation penetrating various thicknesses of lead. 
The dotted line shows the expected ratio for mesotrons alone 
at 4300-meters altitude. 
circuits this counter was quenched externally by a 
circuit of the Neher-Harper type. The square cross- 
section cathode was used in order that existing 
calculations® could be applied directly to the de- 
termination of the average path length through the 
counter. 

-The actual experiment consisted only of de- 


termining the ratio Gr(é), 
(1, 2, 3, 4, 5)¢/min. 


T 2 
— (1, 2, 4, 5)c/min. @) 





This clearly gives the effective efficiency of counter 
3 for all particles of sufficient energy to penetrate 
the thickness ¢ g/cm? Pb or of sufficient energy to 
create secondaries in the lead which penetrate trays 
4 and 5. The data which were obtained are shown 
in Fig. 2 with the statistical errors indicated by the 
vertical lines through the experimental points. 

The following factors are of interest concerning 


5 Lattes, Muirhead, Occhialini, Powell, Nature 160, 486 
(1947). 

¢E. E. Witmer and M. A. Pomerantz, J. Frank. Inst. 246, 
293 (1948). 


the possibility of instrumental errors. Fivefold and 
fourfold coincidences were recorded simultaneously, 
With proper normalization the fourfold rates yield 
an absorption curve in lead which is in agreement 
with that obtained by Hall’ at the same altitude, 
Data were taken with the thicknesses of lead chosen 
in random order (e.g., 34 cm, 2 cm, 18 cm, etc.), 
Hence a progressive instrumental change could not 
account for the shape of the experimental curve in 
Fig. 2. The data, however, are in error due to 
various incidental but real effects, and these have 
been considered and dealt with as follows: 

Accidental coincidences.—The resolving time of 
the circuits employed was approximately 8X10-$ 
sec. rendering both the fourfold and fivefold acci- 
dental rates completely negligible with respect to 
the genuine coincidence rates. 

Side showers.—The contribution to the counting 
rates as a result of side showers was determined by 
placing tray 1 out of line, and inserting enough 
lead to prevent real (2, 4, 5) coincidences due to elec- 
trons belonging to cascade showers which might 
also discharge tray 1. Fivefold and fourfold rates 
were taken and found to be less than 1.5 percent of 
the genuine coincidence rates. Their ratio showed 
that counter 3 had an over-all efficiency of 25+5 
percent for side showers. On the other hand, the 
observed values of the counting efficiency for real 
events (Fig. 2) were in the neighborhood of 50 
percent. It is then clear that side shower effects 
tend to lower the experimental points of Fig. 2; 
hence the choice to neglect them is a conservative 
one. 

Secondaries from walls accompanying mesotrons.— 
A more important process is the production in the 
counter walls above counter 3 of secondary electrons 
which penetrate into the sensitive volume and dis- 
charge the counter coincidentally with the passage 
of a mesotron. Though the number of such events 
is small their effect must be considered in interpreta- 
tion of the results. The probability that a secondary 
electron will be produced by a mesotron traversing a 
small thickness of material (¢Kradiation length) 
is easily computed from the differential collision 
probability for spin 0 mesotrons given by Bhabba® 
(see Appendix). It is further possible to estimate for 
a given mesotron energy the probability that such 
an electron will penetrate the remaining thickness 
of the material and emerge in this case into the 
sensitive volume of the counter. The results of this 
calculation are given in Fig. 3 where the solid line 
shows », the probability in percent that a mesotron 
of momentum ? in traversing the counter walls 
will produce a secondary which penetrates into the 
sensitive volume of the counter. 

Also shown is the mesotron momentum spectrum 


7D. B. Hall, Phys. Rev. 66, 321 (1944). 
8H. J. Bhabba, Proc. Roy. Soc. 164, 257 (1938). 
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INTENSITY OF PENETRATING PARTICLES 


deduced from Hall’s absorption curve in lead taken 
at 4300-meters altitude.” From these two distribu- 
tions can be obtained the average probability of a 
secondary emerging from the wall per mesotron 
passage for all mesotrons with momenta greater 


than ?, viz., 
av. v(6)= f r(p)1(P)dP/ f I(p)dp. (3) 


If we now convert from momentum to range in lead 
(g/cm?), we can plot f(t), the fraction of meso- 
trons capable of penetrating ¢ gm/cm? Pb which are 
accompanied by a secondary electron emerging from 
the counter wall. It is this curve (Fig. 4) which will 
be of use below in correcting the data. 


DISCUSSION OF RESULTS 


In analysis of the results it was felt that for 
thicknesses of lead less than 100 g/cm’, the 
presence of electrons in addition to mesotrons and 
heavier particles complicated matters to the extent 
that unambiguous interpretation was impossible. 
As a consequence it was decided to consider only 
those experimental points taken for greater thick- 
nesses which amounts to an analysis of the hard 
component only. We shall assume then that the 
total vertical intensity 7(¢#) penetrating ¢ g/cm? 
(t>100) consists of a mesotron component M(#) 
plus an N-component, N(é), consisting of protons 
and heavier particles. We shall adopt coincidences 
ber minute as our unit of vertical intensity and 
denote by Gr(t), Gy(t), and Gy(t) the ratio of five- 
fold to fourfold coincidence rates for that part of the 
indicated components penetrating ¢ g/cm? Pb. The 
fraction of mesotrons penetrating ¢ g/cm? which 
are accompanied by secondary electrons from the 
counter wall has been denoted by f(). The counter 3 
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Fic. 3. The curve J represents the differential momentum 
spectrum for mesotrons at 4300-meters as given by Hall. 
v represents the probability that a mesotron of momentum p 
will produce at least one secondary electron in the counter 
walls above counter 3 which will penetrate into the sensitive 
volume of this counter (see Appendix). 
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will have a 100 percent counting efficiency for this 
fraction. We may then write for a given thickness ¢ 


g/cm’, 
T=M+N=(1, 2, 4, 5)c/min. 
GrT=GuM(1-f)+fM+GyN = (1, 2,3, 4, 5)c/min. 


The ratio, N/T, of the N-component to the total 
intensity, 7, penetrating ¢ g/cm? is then, 


_Gr-Gu(t—f)-f 
Gy-Gu(l—f)-f 


Our experimental data furnish values of Gr(#), and 
the fraction f(t) which is small has been estimated 
above. It remains then to determine Gy and Gy, the 
expected efficiency of counter 3 for the mesotron 
and N-components alone. 

The value of Gy for various lead thicknesses is 
easily determined. The operation of the telescope 
at sea level with 66 g/cm? Pb yields the efficiency 
of counter 3 for mesotrons with the sea-level 
momentum distribution which is well known. The 
observed value, corrected in this case for side 
showers, was 


Gr’ (66) =Gy’ =.485+.012 (Swarthmore). 


It is assumed that there are a negligible number 
of protons at sea level and relatively few meso- 
trons of momentum less than 10° ev/c both of 
which facts are born out by experiment. With the 


(4) 





N/T 


’ knowledge of the mesotron momentum distribu- 


tions at sea level? and at 4300 meters’ and the 
ratio Jy/Jmin‘* (ratio of the primary ionization by 
sea-level mesotrons to the minimum ionization, 
viz., 1.2) one can determine with the help of expres- 
sion (1) values of Gy(#) at 4300-meters. The above 
value of Gy at sea-level yields Jy=5.8; hence, 
Jmin=4.85. The variation of J with momentum 
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Fic. 4. The fraction of mesotrons f, penetrating ¢ gm/cm? 
accompanied by secondary electrons reaching the sensitive 
volume of counter 3. 


*H. Jones, Rev. Mod. Phys. 11, 235 (1939). 
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has been given by Bethe” and has been experi- 
mentally confirmed.‘ Using Bethe’s curve we may 
then compute the effective efficiency Gu(p) of 
counter 3 for all mesotrons of momenta greater 
than ~ on the basis of the momentum distribution 
I(p) at 4300 meters given by Hall. 


Gu(o)=  «(e)1()dP/ f I(p)dp, (5) 


where 
€(p) =1—e7 "eI (P, 


It should be realized that this seemingly compli- 
cated process is, in principal, very simple, and is not 
dependent upon arbitrary assumptions. The value 
of the minimum primary ionization used in the 
graphical integrations of expression (5) was de- 
termined from the sea-level data taken with the 
same apparatus with which the data of Fig. 2 were 
obtained. If in the expression (5) we now convert 
from momentum to range in g/cm? Pb we have 
Gy(t) as shown in Fig. 5. The fact that the ex- 
pected values of Gy(#) at 4300-meters are generally 
less than the observed value Gy’(66) at sea level 
is in accordance with the greater intensity of 
mesotrons with the minimum ionization (p~108 
ev/c) at 4300 meters. 

The values of N/T are relatively insensitive to 
the choice of Gy(t). Undoubtedly, some particles 
heavier than protons exist at 4300 meters but they 
are presumably few in number. Consequently, for 
a first approximation we shall assume that the 
N-component consists of protons alone and use the 
values of Jp(p) given by Bethe” and an assumed 
p~ differential intensity distribution to determine 
Gy(t). This curve is also shown in Fig. 5. 

Now with all quantities on the right side of Eq. 
(4) determined for various values of lead thickness 





Gy (exe) 


Cy 








as i L L 
‘iad 10 20 300 ry.) 
t ccm? Pb : 








Fic. 5. The curve Gw represents the expected counting 
efficiency for protons penetrating various thicknesses of lead 
assuming a p~? differential momentum distribution. Gr is a 
smooth curve through the experimental points of Fig. 2. Gy 
represents the expected counting efficiency for mesotrons 
penetrating various thicknesses of lead at 4300-meters altitude. 


10H. A. Bethe, Handbuch der Physik (1933), 24, p. 522. 
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we can compute N/T, the fraction of the total 
ionizing component penetrating ¢ g/cm? which 
consists of protons (Fig. 6). The relative probable 
errors of the points defining the N/T curve are 
about 30 percent.t It is seen, for example, that the 
fraction of protons in the hard component (t> 167 
gm/cm?) is approximately 17+5 percent. Though 
this value is somewhat higher than the estimates of 
proton intensity from previous cloud chamber 
work at 4300 meters," it seems to be in fair agree- 
ment with the results of Anderson e¢ al.!* who de- 
duced that approximately 33 percent of the particles 
observed by them in a cloud chamber at 30,000 ft. 
(9100 meters) with momenta greater than 4X10 
ev/c were protons. The unpublished Pike’s Peak 
data of Anderson and Neddermeyer is also quoted 
in reference 12 as indicating that the change in the 
characteristics of the penetrating component is 
much smaller between 4300 meters and 9100 
meters than between sea level and 4300 meters. 
This fact is, of course, supported by the above data. 
The absolute intensity of protons, NV, based on the 
experimental data is also shown in Fig. 6. 

In arriving at this absorption curve, N(é), we 
have assumed a p~ differential distribution of 
protons to exist in order to determine Gy/(é). 
Actually these two distributions very nearly coin- 
cide in the region of momenta considered. However, 
the finally deduced curve depends most heavily 
upon the experimental data (i.e., the difference 
between Gr(t) and Gy(t)). The choice of a p-5 
distribution, for example, does not appreciably 
alter the values of N/T or the shape of the absorp- 
tion curve NV(é). 

The point should be made that if the computation 
were made from the experimental points of Fig. 2 
rather than the smooth curve through these points, 
the values of N/T and hence of N might depart 
from the curves of Fig. 6. Indeed for the point at 
370 gm/cm? N/T is negative with a sufficiently large 
probable error to render this particular value mean- 
ingless. The values of N/T at smaller thicknesses, 
however, differ from zero by two to three times the 
probable error. 
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APPENDIX 


We wish to determine the probability that a 
mesotron of energy E will produce a secondary 
electron in the counter walls above counter 3 
which will penetrate into the sensitive volume of 
this counter. 

The probability x(Z, Q)dQ for a mesotron of 
mass w, Charge +1, spin 0, and energy E£, traversing 
a thickness dx (g/cm?), to transfer an amount of 
energy between Q and Q+dQ to a free electron as 
given by Bhabba’® is, 


2Cm dQ Q 
E, 0)¢Q=—— —( 1-s°— }. 1 
x(E, QdQ=— | bee (1) 


Here m is the electronic mass, Qy the maximum 
transferable energy, and C a constant which in the 
notation and units of Rossi and Greisen!* is 


C=0.15(Z/A). 


Denoting by p the momentum of the incident 
mesotron, if p<p?/m~2X10'%(e.v./c), it can be 
shown that, 


Qu = 2m(p/uc) = 2m(6?/(1—6?)). (2) 


If further Q is small compared with both E and Qy, 
it can be shown that the collision probability is 
independent of spin justifying the use of the spin 0 
collision probability of'Eq. (1). These inequalities 
are satisfied in the problem to be considered. 

The probability of a collision occurring in the 
interval x to x-+¢x in which a mesotron of energy E 
produces a secondary electron of energy between 
Q and Q+dQ which penetrates the remaining wall 
thickness is 


x(E, Q)P(Q, x)dQdx, (3) 


where P(Q, x) is the probability that an electron 
of energy Q will penetrate x g/cm’, viz., 


_ {1, for x=R(Q) cosé(Z, Q) 
PQ, *)= te for x>R(0) cos(E, 0). - (4) 


In this expression R(Q) and 6(E, Q) are, respec- 
tively, the range and angle of emission of an elec- 
tron of energy Q produced by a mesotron of energy 
E (Fig. 7). Hence the probability of a collision 
occurring in a thickness x g/cm? in which a 
mesotron of energy E produces a secondary electron 


18 B, Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 


PARTICLES 





oO 


- 
nN 


N/T ANDO PROTON INTENSITY (ARB. UNITS) 
° o o » 
> oa oe 9 


r-) 
4 








1 1 L 
° 1@ 200 300 400 
t C7CcM* Pp 





_ Fic. 6. The curve N/T shows the fraction of the total 
ionizing Component penetrating various thicknesses of lead 
which consists of protons as derived from the data. The curve 
N shows the corresponding proton absorption curve in arbi- 
trary intensity units. 


of energy greater than » which penetrates the 
remaining wall thickness is 


x(E, Q)P(Q, x)dx. 


In view of Eq. (4) this may be written, 


Qu 
»4(E) = } x(E, Q)R(Q) cosa(E, Q)dQ. 


The computation of this integral can be greatly sim- 
plified if one removes the function cos@(E, Q) from 
under the integral sign and gives it a mean value 
{cos6(E))w. The exact computation of a few cases 
justifies this step; the error incurred is negligible 
for our purposes. One can then approximate 
(cos@(E))~ as follows. From the theory of elastic 
collisions, 


(5) 





(p/uc)?+1 |. 


s6(E Ay = 
ore Fee Ou/O 


where 


Qu 
Qx(E, Q)dQ 0 
g=— = log—- 


f * (E, 040 





Hence the expression for »,(Z) can be written, 


Qu 
»4(E) = (cos6(E))w f x(E, R(Q)40. (6) 


9 


In our case, however, for counter-wall thickness 
x9 (2 g/cm? in our case) there is a maximum value 
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which R(Q) can have, viz., R(Qo)~xo. Beyond this 
point R(Q) is constant and equal to xo. Thus Eq. (6) 
becomes the sum of two integrals, 


v,(E) = (cos8 (E))av 


x | f "W(E, R(Q)Q+x J w AE, Qa} (7) 


9 t) 
Now for energies less than Qo (3 Mev in our case) 
the range energy curve for electrons can be closely 
approximated by," 

R(Q) =0.4Q1:5 (Q in Mev). 
In view of this relation and that of Eq. (1) one 
obtains by performing the integrations in Eq. (7) 
14. E. Glendenin, Nucleonics 2, 12 (1948). 


and setting x9=2 g/cm? for our particular case, 


Qo! 
30m 


2C: 
v4(E) = (coso(B) | #( aie 
we 1 @) 
14 
a} oe ot 


where (cos0(E))w is given by Eq. (5), Qu by Eq. (2), 
and k=8X10-' g/cm?. Secondary electrons of 
energy less than 10* ev will not contribute appre- 
ciably to the values of v,(EZ). Hence, if one sets 
n=10* ev, takes the value of the constant C ap- 
propriate for brass, and converts from energy to 
momentum of the incident mesotron, v(p) can be 
plotted from Eq. (8). This curve is shown in Fig. 3 
of the text for mesotron momenta between 108 and 
1.210° ev/c. It should be noted that through the 
choice of the constant C appropriate to brass the 
number of secondaries produced in the glass counter 
envelopes is overestimated. Furthermore, scattering 
losses reduce the number reaching the sensitive 
volume of the counter. The computed values of 
v(p) are consequently high which makes the esti- 
mated proton intensity (Fig. 6) conservatively low. 
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The shear elasticity and viscosity of liquids have been measured at ultrasonic ‘frequencies by 
utilizing plane shear waves in an elastic solid and measuring the reflection loss and phase shift caused 
by reflection at a plane interface of the solid and a liquid. The first measurements of this type involved 
normal incidence. In a recent modification of the method, oblique incidence results in an enhanced 
effect. This paper derives the theoretical relations between the constants of the two media, the 
complex reflection coefficient and the angle of incidence. The theory describes some of the general 
properties of reflected and refracted shear waves in isotropic viscoelastic media. 


INTRODUCTION 


HIS paper is concerned with some theoretical 
relations involved in a method for measuring 

the shear wave parameters of viscous liquids at 
ultrasonic frequencies. The experimental details 
are described in a companion paper by W. P. Mason 
et al., in this issue. The method is based on the meas- 
urement of a reflection coefficient for plane shear 
waves in an elastic solid, reflected obliquely from a 
plane interface of the solid and the liquid which is 
being investigated. A pulsing technique is used to 
separate the reflections of different orders at the de- 
tecting crystal, and the primary shear waves are 
suitably polarized so that reflection does not produce 
compressional waves in addition to the reflected 


shear waves. The complex reflection coefficient is 
measured by comparing the amplitudes and phases 
of waves reflected from the solid-liquid interface and 
from the same surface when the liquid is absent. 
Compared with normal incidence methods which 
had been developed previously, the oblique inci- 
dence method possesses some experimental ad- 
vantages, resulting in greater accuracy of measure- 
ment, but oblique incidence involves more com- 
plicated relationships between the reflection coef- 
ficient and the constants of the two media. Solutions 
for these relations are derived’ in this paper. The 
theory describes some of the general properties of 
plane shear waves in viscoelastic media. 

The elements of the system, omitting the elec- 





PLANE SHEAR WAVES 


tronic equipment, are shown in Fig. 1. A fused 
quartz rod with obliquely cut ends has a plane 
upper surface, which is covered in one part of the 
test by a thin layer of the liquid under investiga- 
tion. This surface will be taken as the plane y=0 
in a system of rectangular x, y, z coordinates, with 
the z axis perpendicular to the plane of Fig. 1. A 
suitably oriented Y cut quartz crystal at one end 
of the rod generates plane shear waves with the 
displacements in the 2 direction, and a similar 
crystal at the other end is used as a detector. The 
waves are reflected repeatedly at the upper surface 
and at both ends of the rod, but a pulsing system 
separates the reflections of different order at the 
detector. The primary displacement is parallel to 
the reflecting surfaces and perpendicular to the 
direction of propagation, and does not vary appre- 
ciably across the width of the rod. Hence, the dis- 
placements in the reflected and refracted waves also 
have these properties, and there are practically no 
compressional components. At ultrasonic frequen- 
cies the attenuation in the liquid is so large that a 
relatively thin layer of the liquid is equivalent to 
an infinite medium, as regards the effects in the 
quartz. The measurements indicate that the am- 
plitude and phase of the detector output are prac- 
tically independent of the thickness of the liquid 
until the thickness is reduced to a value of the 
order of 0.001 cm. 


SHEAR WAVES IN A VISCOELASTIC MEDIUM 


The response of a liquid to shearing stress is an 
essentially viscous flow if the stress is constant or 
varies slowly enough, but a liquid may also have a 
partly elastic character in shear which affects the 
behavior at high frequencies. The combined viscous 
and elastic properties can be represented by dis- 
tributed mechanical admittances or impedances 
which are complex functions of frequency. T. Alfrey 
has described the impedance method of representing 
such properties for a general class of linear visco- 
elastic media such that the stress-strain relations 
obey the superposition principle.~* When a 
medium satisfies this restriction, it is characterized 
by a set of linear relations between the stresses and 
the strains and their time derivatives, which may 
be of various orders. The linear relations are 
analogous to the voltage-current relations for a 
passive linear electrical network and they can be 
expressed in forms similar to the network equations, 
involving operators which become equivalent to 
complex impedances or admittances when the dis- 
turbance is assumed to be proportional to a complex 

1T. Alfrey, Jr., Mechanical Behavior of High Polymers 
(Interscience Publishers, Inc., New York, 1948). 

T. Alfrey, Jr., ‘‘Non-homogeneous stresses in viscoelastic 
media,” Quart. App. Math. 2, 113 (1944). 


_*T. Alfrey, Jr., “Methods of representing the properties of 
viscoelastic materials,” Quart. App. Math. 3, 143 (1945). 
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time factor e**. In particular, for an isotropic linear 
viscoelastic medium, the typical relation between 
shearing stress and shearing strain can be expressed 
in either of the forms 


T ss = tSes or YT ce = &. = 0S,,/dt, (1) 


Tz. denotes the shearing stress corresponding to the 
shearing strain S,,=0,/dz+ 0£&,/dx, where &, is the 
displacement in the z direction, and Y and ¢ are 
operators which are reciprocal functions of the 
operator 0/dt. For a disturbance proportional to 
e*', Y and ¢ are functions of ww, as 0/dt is then 
equivalent to ww. A special case of Eqs. (1) repre- 
sents purely viscous flow; in this case, Y and ¢ 
are real and {==1/Y, where 7 is the (shear) 
viscosity. For a strictly elastic solid of rigidity 
u=1/s, 
Tre=Sr2=f0Sz,/dt, 8/dt=p, Y=sd/at, 


and, when 0/dt=ww, (=y/iw, Y=iws =1/f. 
In general, when 0/dt is equivalent to ww, ¢ and 
Y are complex and can be represented by 


§ (ta) = n+ u/two = n— tp /w=1/V (tw), 
YV (to) = vp tws = 1/9! + 10/p! = 1/5 (te), 


where 7, u, v, S, 7’, »’ are real and may all be func- 
tions of frequency. If stress is considered to be 
analogous to voltage and rate of change of strain 
as analogous to current, ¢ corresponds to an im- 
pedance operator or complex impedance and Y is 
the corresponding admittance operator or complex 
admittance. At a given frequency, 7 and 7’ are two 
different types of effective viscosities and yu and yp’ 
are different types of effective rigidities, such that 
n and 1/» correspond, respectively, to resistance 
and capacitance in series, and 7’ and 1/y’ corre- 
spond to resistance and capacitance in parallel. 
The values of 7, u, ’, u’ may vary with frequency, 
but they are always >0. If the phase angles of the 
complex ¢ and Y are denoted by arg¢ and argY, 


(iw) =| ¢let eet, V(iw) =| Viet oe¥ 
—arg{=argY=tan—Q, 
Q=n/wn=s/v=1'0/p'>0 
—n/2<arge<O<argY¥<7x/2. 


For different materials, or for a given material at 
varying frequency, the properties become relatively 
more elastic and less viscous as Q increases. As 
shown above, Q increases with u/w and with 7’ but 
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decreases as u’/w and 7 increase. If »’ and yp’ are 
independent of frequency, Q is proportional to fre- 
quency and is equal to unity at the relaxation fre- 
quency f,=y'/2mn’; the viscous effect tends to 
predominate at frequencies below f, and the elastic 
effect at frequencies above f,. 

The stress subscripts can be assigned so that 
positive T,, represents a stress directed toward 
increasing z, acting on a part of the medium which 
has an outward normal directed toward increasing 
x. The stresses T,, and T,z are equal at any point, 
and positive 7,, denotes a tension. If p is the density 
and D,=0/dx, the equation of motion in the z direc- 
tion is 

DoT ast DyT ystDel cc= pD?t,= pD w= pow/dt, 


where w is the particle velocity in the z direction. 

For a disturbance in an isotropic viscoeleastic 
medium such that the displacement is in the z direc- 
tion and independent of z, the strains which do not 
vanish are S,,=D-,é, and S,,=D,é,, the tension T,, 
is equal to zero, and the above equations result in 
the relations 


S::=D,w= Fine S,2.=D,w= FI ox (4) 
DsTast+DyT ys a pD w, (D?+D,?)w= pD Yu. 


If w is independent of both y and z in Eqs. (4), the 
stress T,, vanishes and 


D,w= i iam D.T22= pDw. 


These equations are analogous to the voltage- 
current relations for an electrical transmission line. 
If current is now regarded as analogous to particle 
velocity instead of to strain rate, with voltage cor- 
responding to stress as before, the density p corre- 
sponds to series inductance per unit length of the 
equivalent line and Y corresponds to the shunt 
admittance operator or complex shunt admittance 
per unit length. In Eqs. (2), the reciprocal viscosity 
v=1/n’ corresponds to shunt conductance per unit 
length and the compliance s=1/y’ to shunt ca- 
pacitance per unit length. If y’ and yw’ are inde- 
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pendent of frequency, the elements of the equiva. 
lent line are as indicated in Fig. 2. If » and yu are 
constant, the equivalent line is as shown in Fig, 3, 

Measurements described in a recent paper‘ indi- 
cate that certain long chain polymer liqiuds have 
shear properties at frequencies below 10° c.p.s, 
which correspond approximately to equivalent lines 
of the type shown in Fig. 2, with constant 7’ and py’, 
Later measurements have been extended to 60 mega- 
cycles and show more complicated effects, which 
are described in the companion paper in this issue, 
In the larger frequency range, the shear properties 
of the long chain polymer liquids correspond more 
nearly to the equivalent line shown in Fig. 4, instead 
of the one in Fig. 2. The numerical values involved 
are such that the two circuits are nearly equivalent 
in the lower part of the frequency range. In Fig. 4, 
h denotes a resistance element which is inversely 
proportional to frequency; it represents approxi- 
mately some effects due to a hysteresis type of non- 
linearity in the stress-strain relations.5 

When the motion is assumed to be proportional 
to e*', the last Eq. (4) becomes 


(D?+D/)w= Tw, 


where [?=iwpY. For motion independent of both 
y and z, this equation reduces to D,,w=T*w, which 
has the general solution w=(Ke-'*+K’e!)e*!, 
From the first Eq. (4), the corresponding stress is 


Trz=Z(—Ke-™*+K’e™)e!, where Z=T/Y. 


I is the characteristic propagation constant of the 
medium and Z is the characteristic impedance for 
plane shear waves. They satisfy the relations 


P= YZ=twp/Z=(wpY)t=at+ 6, 
B=w/c=2n/d, (5) 
Z=T/Y=twp/T =(twp/Y)t=R+1X, 


where a, 8, R, and X are real; @ is an attenuation 
constant, 8 is a phase constant, c is a phase velocity, 
and X is a wave-length. The velocity ¢ is always 
different from zero, and the sign of I is chosen so 
that 6 and ¢ are positive. The phase angle of I is 
therefore in the range 0 to x and, as a result of (3), 


O<argZ<2/4<argl'<2/2, (6) 
0<X<R, 0<aK<f. 


One limiting case corresponds to a strictly elastic 
medium, for which 


Y=iw/u, a=0, B=o/c, 
Z=R=pc, X=0. 


c=(u/p)}, 


*W. P. Mason, W. O. Baker, H. J. McSkimin, and J. H. 
Heiss, ‘‘Mechanical properties of long chain molecule liquids 
at ultrasonic frequencies,” Phys. Rev. 73, 1074 (1948). 

5W. P. Mason, Piezoelectric Crystals and Applications to 
Ultrasonics, Chap. 12, Appendices A.8, A.9; in process of 
publication. 
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PLANE SHEAR WAVES 


In the other extreme, for strictly viscous flow, 


Y=1/n, a=B=(wp/2n)', c=(2nw/p)}, 
R=X =(wpn/2)!. 


For a progressive plane shear wave advancing 


toward increasing x, the particle velocity and stress’ 


are (the real parts of) 


Tz2=—Zw. (7) 


The negative sign in the last equation is a conse- 
quence of the stress sign conventions described 
previously. Tz, is a stress across a plane x=con- 
stant, parallel to the wave fronts, and the part of 
the medium on the forward or increasing x side of 
this plane is acted upon by a stress which has the 
same direction as positive w when T,, is negative; 
this corresponds to a positive value of (the real 
part of) —T,,=Zw. 

For shear waves such that the motion in the zdirec- 
tion may vary with both x and y, the particle 
velocity and stresses satisfy Eqs. (4). When this 
motion is assumed to be proportional to e“', pD,Y 
is equivalent to I? and Y=I'/Z. Hence, Eqs. (4) 
are then equivalent to 


(D?+D,7)w ~ Iw, 
T2s=ZT "Dew, Ty.=ZTD,w. 
A typical solution of Eq. (8) is 


w= wel? = Ke~a2ti(wt—6z) | 


(8) 
(9) 


W p= Woe F2-AY = wel (mat ny), (10) 


where 
@+H=T?, m+n?=1., 


G and H are auxiliary propagation constants for the 
«and y directions and can have arbitrary complex 
values, subject to the boundary conditions and the 
restriction G?+-H?=I?. The corresponding restric- 
tion on m and n is m?+n?=1, and because of this 
equation, m and m can be represented by 
m=sing and m=cosg. However, ¢ is not neces- 
sarily a real angle, as m and m can, in general, be 
complex. If ¢ is real, mx-++ny is a real distance 
which increases in the direction of propagation and 
Eqs. (7) and (10) then represent waves of the same 
type traveling in different directions. The charac- 
teristics of waves such that ¢ is complex will be 
considered later. 


REFLECTION AND REFRACTION OF 
PLANE SHEAR WAVES 


Assume that the plane y=0 is a common 
boundary of two isotropic viscoelastic media. One 
of these may be an essentially elastic solid and the 
other a liquid, as in the system described in the 
introduction. Let subscripts 1 and 2 refer to the 
negative y and positive y regions, respectively, and 
with [ replaced by T, let Eqs. (10) represent a 
primary wave generated by suitable motion of a 
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boundary in a plane mx-+-ny=constant, where 
m=sing, n=cosyg, and 0< y<7/2. The real angle 
g is then equal to the angle of incidence relative to. 
the normal to the y=0 interface. The primary wave 
is partially reflected at the interface, and a re- 
fracted wave is transmitted into the second me- 
dium. Since the displacement of the interface 
caused by the primary wave is in the plane of the 
interface and is independent of distance in the 
direction of the displacement, the reflected and 
refracted disturbances are non-dilatational and the 
displacements in these waves are also parallel to 
the z axis and independent of z. Hence, in the 
absence of reflections from other surfaces, the re- 
sultant particle velocities and stresses satisfy Eqs. 
(8) and (9), when the appropriate values are as- 
signed to I and Z for each medium. The sum of the 
primary and reflected particle velocities must be 
equal to the refracted particle velocity at the y=0 
interface if there is no slip at this surface, and the 
stress across planes parallel to the interface must 
also be continuous at the interface. 

The boundary conditions at y=0 can be satisfied 
if the particle velocities in the two media are pro- 
portional to the same function of x, and the wave 
equation for the first medium will be satisfied if the 
primary and reflected particle velocities are propor- 
tional to the same function of x and to functions of 
y in which the coefficients of y differ only in sign. 
The resultant particle velocity in the first medium 
will then have the form 


W1 = woe 9*(e-F 4+ veh), 


At y=0, 


G=Il\ym, H=Tyn. (11) 


w= (1+17) woe. 


The refracted particle velocity w2 will satisfy the 
wave equation for the second medium and the 
boundary condition w;=w, at y=0 if 


We = Twoee 92 Fv, ~=+r=1+47, (12) 
H,= (1 2—G?)t= (T.2—-T'1?m’)'=a,+iB,, (13) 


where a, and f, are real, representing an attenuation 
constant and a phase constant of the refracted wave 
for the y direction. 

‘To represent attenuation and propagation of 
phase in the direction away from the interface, 
toward increasing y, a, and 8, must both be positive, 
and therefore the imaginary part of H,? must also 
be positive. In terms of the “characteristic” attenu- 
ation and phase constants of the two media, 


Hi? = (a2+482)?— (a1 +1B1)*m? 
= (8;?— a1") m? — (B2?— a2”) +12 (a282— 018m") 
=a,?— B,?+12ayBy, 
OtyBy = 282 — a8 ym? = 2x (a2/d2— m?a11/d1). (14) 
To make a,f,y positive for all angles of incidence, it 
will be assumed that the refracting medium has the 
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larger attenuation per wave-length, a2/d2:>a1/\1. 
This restriction is satisfied by the experimental 
system indicated in Fig. 1, as the attenuation per 
wave-length in fused quartz is negligible in com- 
parison with the attenuation per wave-length in a 
liquid. (Other cases are discussed in an appendix of 
this paper.) ‘ 
The solution for the refracted particle velocity 
can be expressed in another form by letting G=T,.M 
and H,=TI.N. Then M?+N?=1. Hence, M and N 
aré equivalent to the sine and cosine of an angle, 
not necessarily real. Separating the primary and 
reflected components of wi, Eqs. (11) and (12) 
are equivalent to the following set of equations: 


W,= rwye!! (mz—ny) | 


Wp = Woe Titmatny) | (15) 
Wi=W,tw,, We = TIge Ts(MetNy), 
m=sin n =COS¢Y, 
sing, cos¢ (16) 


M=siny=mT;/T2, N=cosy= H/T». 
The angle of reflection is equal to the angle of 
incidence, y, and in special cases such that y is real, 
y is the angle of refraction. However, y is generally 
complex. 

Equations (9) and (15) result in the following 
formulas for the stresses in the two media, and the 
values of T,, lead to a second relation between the 
reflection coefficient r and the transmission coef- 
ficient r=1+,7. 


When y<0, 

T3:= —mZ Ww, Ty= —nZ\(Wp—Wr). (17) 
When y>0, ;' 

Tos™= — MZ2w2, Ty2= —NZW2. 


As Ty; is a stress across a plane y=constant, parallel 
to the interface, this stress must be continuous at 
y=0, and asa result of Eqs. (11), (12), and (17), the 
stress across the interface itself is given by either of 
the formulas 


Tye(x, 0) = —nZ,(1 —r)woe~9* = — NZ, rupe—2. (18) 


Hence, 

nZ\(1—r) =NZ27=NZ.2(1+7). (19) 
The reflection and transmission coefficients there- 
fore have the following values: 


r= (nZ,:—NZ:2)/(nZ1+NZ2) 
= (Z, cosp— Zz cosy) /(Z; cose +Zz2 cosy), 


r=1+7r=2nZ,/(nZi+NZ2). 


The stress 7,, is not necessarily continuous at the 
interface. Since w;=w, at y=0, Eqs. (17) indicate 
that as the interface is approached from opposite 
sides, the values of T,, approach two limits the ratio 
of which is mZ,/MZ». Because of Eqs. (16) and (5), 
this ratio is also equal to ['2Z1/1'1Z2= Y2/¥1, which 
is generally different from unity. The value of this 
ratio does not depend on the direction of propaga- 
tion. 


(20) 
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The product NZ; which appears in the solution 
for the reflection coefficient is the impedance of the 
second medium for the refracted wave per unit area 
of the interface y=0 or of any plane y=constant, 
This is shown by the last Eq. (17). Similarly, if 
there were no reflection at y=0, ~Z,; would be the 
impedance of the first medium for the primary wave 
per unit area of a plane y=constant. The negative 
signs in Eqs. (17) are due to reasons similar to those 
discussed in connection with the sign of the stress 
in the last Eq. (7). 

When y is complex, the refracted wave is a dis- 
turbance of a different type from an ordinary plane 
wave such as the one represented by Eqs. (7). 
Some of the properties of the refracted wave can be 
investigated by resolving the quantity Gx+Ay 
into its real and imaginary parts. Some of the sign 
relations involved will be utilized later in the appli- 
cation of the theory to the experimental measure- 
ments. With a, and 8, both positive in Eqs. (13), 
the phase angle of H, is between zero and 2/2, and 
from (3) and (16) it then follows that 


—7/4<argM<n/4, —2/2<argN<7/4. 


Hence, the real parts of M and N are >0. Let 
y=A-+7B where A and B are real. Then, from (16), 


N=cosy=cosA coshB—7 sinA sinhB; 


M=siny=sinA coshB+2 cosA sinhB 
=mT;/T2,=m[(ai+781)/(a2+7Be) | 
= m{ [(a1a2+ 8182) +18 1B2(a2/B2—a1/B1) |/ 
[as?+ Bo? J}. (21) 


Since coshB>1 and the real parts of M and N are 
>0, sinA and cosA are also >0 and 0<A<7/2. 
B has the same sign as m(a2/B2—a1/61). For the 
case corresponding to the experimental measure- 
ments, a1/81Kae2/B2<1, hence B and the imaginary 
part of MV are positive and the imaginary part of 
N is negative, providing m0. For normal inci- 
dence, m=0=WM. An additional restriction on A 
results from the relations sindA<|M|<|T1|/:, 
and when a; is small, |T'1|/62~61/B2=¢2/ci. In the 
experiraental system, the velocity ratio ¢2/c, is 
small, ¢ertainly less than 0.7, hence 0<A <7x/4. 
This result will be useful later. 

Multiplying the above values of M and N by 
T2=a2+7P2, it can be shown that 


G=I,M=da’ sin(A —a)+7’ sin(A+d), 
H2,=T2,N =a’ cos(A —a)+i6’ cos(A+)), 
a’ = [a2?+ (a2?+ 62?) sinh?B }}, 
p’ = [B2?+ (a2?++ Bo”) sinh?B J}, 
a=tan™[(62/a2) tanhB], 
b= tan~"[ (a2/Be) tanhB ]. 
Then 
Gx+ Hey =a'x'+1p'y’, 
x’ =x sin(A —a)+¥y cos(A—a), 
y’=x sin(A+b)+y cos(A+d). 
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Substituting these results in (12) and letting 
wo=Ke*', the refracted particle velocity has the 
form 


Ww, = 1K e-a'2'+ lot"), 


These equations indicate that a’ is the effective 
attenuation constant, 6’ the effective phase con- 
stant, and w/§’ the effective phase velocity of the 
refracted wave; x’ and y’ are real distances measured 
in certain directions such that x’=constant repre- 
sents a plane of uniform amplitude and y’=con- 
stant represents a plane of uniform phase. In 
general, these two sets of planes are not parallel. 
Hence, the amplitudes are generally non-uniform 
over any wave front; x’ increases in the direction of 
the greatest rate of attenuation and y’ increases in 
the direction of propagation of phase. The angles 
between these directions and the direction of in- 
creasing y are A—a and A+4, respectively. Thus 
when y is complex there are two angles of refraction, 
one for the direction of propagation, A+, and one 
for the direction of greatest attenuation, A —a. The 
angles a and b are of like sign, with the same sign 
as B and therefore the same sign as a2/B2—a1/f1. 
The effective attenuation a’ per unit distance is 
greater than the ‘‘characteristic’’ attenuation a2 and 
the velocity of propagation is w/8’, which is less 
than the characteristic velocity of propagation w/e. 


EVALUATION OF THE CONSTANTS OF THE 
REFRACTING MEDIUM 


In the system of measurements described in the 
introduction, the reflection coefficient 7 is measured 
experimentally and the preceding theory then leads 
to solutions for the constants of the refracting 
medium in terms of the known quantities. With 
reflections of different orders separated by means 
of a pulsing method, the reflection coefficient is 
measured by comparing waves reflected from the 
interface between the two media with waves re- 
flected from the same surface when the refracting 
medium is absent. In the latter case, the stress 
across the reflecting surface is zero and Eq. (18) 
indicates that the reflection coefficient is then equal 
to unity. Hence, from Egs. (15) the particle velocity 
in the wave reflected from the free boundary is 
We=WoeTi™2-ny), With the refracting medium 
present, r is different from unity and the particle 
velocity in the reflected wave is w,= rw; for equiva- 
lent primary waves in the two cases. Hence the 
complex reflection coefficient r can be evaluated by 
comparing the amplitudes and phases of w, and wy. 
If p=mx—ny=distance in the direction of propa- 
gation of the reflected waves, 


Ws = woe h1P = Ke wt (art iB) p — |w,|et@t-Bip), 


W,=rws= | w, | ett-pip—9) 


r=w,/w;=Re-”, where R=|w,/w;|=|r|. (22) 
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R is the relative reduction in amplitude and @ the 
phase shift of the reflected waves caused by the 
presence of the refracting medium. If 6 is positive, 
the phase shift is equivalent to an increase of Bip 
and therefore corresponds either to an increase of 
the effective transmission distance », or to an 
increase of frequency, as f; increases with frequency. 

When the reflection coefficient 7, angle of in- 
cidence, g, and characteristic impedance Z,; are 
known, the value of the ‘‘refracted wave impedance”’ 
NZ, can be calculated by means of Eqs. (19) and 
(22): 


NZ2.=Zn[(1—1)/(1+1r)]=Zing, (23) 
where 
g=(1—r)/(1+7) 
= (1—R?+72R siné)/(1+R?+2R cosé) 
=[(1+R?—2R cosé)/(1+R?+2R cosé) ]! 
Xexp[7 tan-(2R sin@/(1—R?))]. (24) 


The value of g corresponding to a given complex 
value of r can also be derived in other ways. Let the 
amplitude ratio in nepers be denoted by 


L=log,.|w;/w,| = —log.R. 
Then 


r=Re-*=¢e-1-# 


q=tanh[{(L+i0)/2]=i tan[(@—<L)/2]. 


Thus g can be evaluated by means of Eqs. (24) or 
by means of charts of complex hyperbolic or cir- 
cular tangents, such as Kennelly’s charts.® 

If the densities of the two media are known, 
besides the values of 7, gy, and Z;, separate solu- 
tions for Z. and N and the other constants of the 
system can be derived by the following method, 
based on preliminary evaluation of sin2y and cos2y 
from the known data. From Eqs. (5), (16), and 
(23): 


m=sing, n=cosg, 2mn=sin2¢; 
M=siny=mI1/T2=mkZ2/Zi, 
where k= p:/p2; 
N =cosp = qnZ1/Z2=qnkT2/T1; 
2MN =sin2y = 2mnkq=qk sin2¢. 


Except for an ambiguity of sign, the value of cos2y 
is then given by +(1—sin?2y)!. The sign can be 
determined with the aid of the formula, 


cos2y =cos2A cosh2B—i sin2A sinh2B. 


(25) 


It was shown previously that in the experimental 
system, 0<A<-2/4 and B>0. Hence the real part 
of cos2y is >0 and the imaginary part is <0. 

The different steps involved in the solutions can 


6A. E. Kennelly, Chart Atlas of Complex Hyperbolic and 
Circular Functions (Harvard University Press, Cambridge, 
1914). 
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now be summarized as follows: 
q=(1—r)/(i+7), 
sin2y= gk sin2¢. 
If g>0: 
cos2y = [1—sin?2y ]}, 
real part>0, imaginary part <0; (26) 
M=siny=[(1/2)(1—cos2y) ]}, 
real part >0, imaginary part >0; 
N=cosy=[(1/2)(1+cos2y) ]}, 
real part >0, imaginary part <0. 


r= |w,/w,|e—*, k=p1/p2; 


If e=0, y=0, M=0, and N=1. The characteristic 
impedance and propagation constant of the re- 
fracting medium can now be evaluated by means of 
the alternative formulas: 


Z2=Z,\M/mk =Znq/N =wp2/T2, 
T.=l\ym/M= TiN /nkq=twp2/Z>. 


The “‘characteristic’’ attenuation constant is the 
real part of T2=ae+i62, the ‘characteristic’ 
velocity of propagation is w/B2, and the viscoelastic 
admittance Y, and impedance ¢2 have the values 
Y.2=IT2/Z2 and {2=Z2/I's. Separating these into 
their real and imaginary parts leads to the values 
of the effective viscosities and effective elastic 
parameters defined by Eqs. (2). For most viscous 
liquids, the “‘parallel’’ viscosity 7’ and stiffness py’, 
and their reciprocals v and s, will probably be 
approximately independent of frequency in a fairly 
wide frequency range; this will not be true of the 
“‘series’’ viscosity 7 and stiffness py. 

Measurements have been made on a number 
of viscous liquids covering a large range of vis- 
cosities. In each case, |sin2y| was small relative 
to unity, and therefore some simple .approxima- 
tions could be used in Eqs. (26) and (27). With the 
rules given previously to determine the signs, it 
follows that when |sin2y| <1: 


cos2y = [1—sin?2y ]#'=1—(1/2) sin?2y—---, 


N=cosy=[1/2(1+cos2y) ]} 
=1—(1/8) sin’?2y—---, 


M=siny = (sin2y~)/(2N) =(1/2) sindy+:--:. 

For all of the preliminary measurements, the 
values of |sin2y| did not exceed 0.2. Hence, N 
differed from unity by less than two percent. In 
such cases, Eqs. (27) are very nearly equivalent to 
the approximations 


Z:~Zimq=[(1—1)/(1+1)]z cosy, 
T, =T'1/nkq=[p2/pi JLT :/cose ][(1+1)/(1—1) ]. 


These approximations will probably be sufficiently 
accurate for most of the materials likely to be 


(27) 


(28) 
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investigated by the oblique incidence method. If the 
factors cosy and 1/cosg are omitted in Eqs. (28), 
these equations have the same forms as the rigorous 
solutions for normal incidence, but the reflection 
coefficient r will, of course, have different values for 
oblique and normal incidence. 


APPENDIX 


In the theory of refraction derived in this paper, 
it is assumed that the refracting medium has 
the larger attenuation per wave-length, in order 
that the assumed solution for the refracted wave 
may have appropriate directions of attenuation 
and propagation of phase. This restriction is satis- 
fied in the experimental system which has been 
described, as the attenuation in the fused quartz is 
practically negligible. However, the necessity for 
the restriction indicates that the equations which 
have been given do not represent a complete solu- 
tion for all cases and a question arises concerning 
the conditions under which the assumed solution is 
sufficiently accurate. The distinction between the 
different cases can be explained by the existence 
of diverging waves which are unimportant in some 
cases but not in others. In order to derive a com- 
plete solution for all cases, it would be necessary to 
take account of the nature of the source and some 
associated features of other: boundary conditions 
which were not mentioned previously. 

The primary wave represented by the first Eq. 
(15) can be regarded as generated by motion of a 
boundary of the first medium occupying part or all 
of a semi-infinite plane mx+-ny=C=constant, 
which meets the boundary y=0 at x=xo9=C/m. If 
the entire semi-infinite plane is assumed to have a 
suitable forced motion, the boundary conditions 
specified previously apply only to the part of the 
plane y=0 for which x >xo. The second medium 
must then have an additional boundary where 
other conditions apply; this may be the rest of the 
plane y=0, or it may be some other boundary—for 
example, the plane x =x». In some cases it may be 
permissible to ignore the additional boundary con- 
ditions, but this will not always be true. If the 
source is assumed to occupy the entire semi-infinite 
plane mx+ny=C, there will be additional com- 
plications caused by secondary reflections at the 
source. 

Under certain conditions the problem will be 
simplified if it is assumed that only part of the 
plane mx-+ny = C is driven, so that the primary dis- 
turbance consists of a beam in which the wave 
fronts are essentially plane, but are of finite width 
in the direction perpendicular to the z axis. This 
neglects the effects of divergence at the sides of the 
beam, which is permissible as regards the primary 
beam if the width of the driving surface is suffi- 
ciently large relative to the wave-length. Then in 
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some cases, the reflected and refracted disturbances 
may also consist principally of non-divergent beams, 
in which the wave fronts are essentially plane. This 
will tend to be the case if the attenuation is small 
in the first medium, or in both media, the latter case 
being analogous to a well-known case of optical 
reflection and refraction. The solutions for such 
cases can be represented with sufficient accuracy by 
Eqs. (15), within the limits of the respective beams. 
However, a fundamentally different situation may 
occur if the attenuation in the first medium is rela- 
tively large. If the primary wave is represented by 
the first Eq. (15), within a limited beam, there will 
be a restricted part of the y=0 interface, say the 
region xa<x<xs, where the primary particle 


velocity is 
woe hime = Wye (a1+i81)z sin ?, 


This is proportional to the real function e~«!*sin¢ 
and if a: sing is large enough, the forced motion 
of the interface in the vicinity of x =. will have the 
predominant effect, resulting in diverging secondary 
disturbances in both media, with wave fronts which 
tend to be cylindrical. Furthermore, if the charac- 
teristic attenuation of the second medium is small, 
then in the vicinity of the plane y=0 at sufficient 
distance from x=x, the diverging disturbance in 
the second medium will tend to have a greater in- 
tensity than the primary intensity at nearby points 
on the other side of the interface. Hence, in such a 
region, the resultant direction of propagation in the 
second medium will have a component toward the 
interface instead of away from it. This direction of 
propagation cannot apply throughout the second 
medium, of course, especially near x=%,, but ina 
limited region, the refracted disturbance may cor- 
respond approximately to Eqs. (12) and (13), with 
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positive a, and negative B,. The region in which 
this situation exists will become larger as the 
distance between x, and x, increases, but x. cannot 
be assumed to approach — «, as the amplitudes 
would then be infinite at x=— «©. To derive a 
general rigorous solution it would be necessary to 
modify the boundary conditions, taking into 
account the fact that ‘the primary wave function 
does not apply to all values of x. The rigorous 
solution would be very complicated at best. 

Equations (14) indicate that the criteria which 
determine whether the divergent effects are im- 
portant or not are the angle of incidence and the 
attenuations per wave-length in the two media. 
The equation can be expressed in the form 


A yBy = 0181(m 2 — sing) ’ 
where 
M 2 = a282/ 0181 = (a2/01) (C1/C2) = (a@2/X2) / (1/1). 


¢, and cz denote the characteristic velocities of 
propagation in the two media. If the second medium 
has the larger attenuation per wave-length, m2 >1 
and a,8,>0 for all angles of incidence. For trans- 
mission in the reverse direction, the second medium 
has the smaller attenuation per wave-length, 
m2 <1, and a,B,y is positive or negative according 
as the angle of incidence is less than or greater than 
the critical angle y.-=sin—'m,. It seems probable 
that the solutions derived in this memorandum will 
be reasonably accurate whenever m,’ is large 
relative to sin?g, which will be true for all angles of 
incidence if m.? is large relative to unity. As m/ 
and sin*g approach equality, the formulas become 
inaccurate as a result of the increasing importance 
of the divergent effects. 
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It has long been suspected that. if liquids were sheared suffi- 
ciently rapidly they would exhibit a shear elastic effect as well 
as a viscous effect. This supposition was verified recently by 
one of the writers (see reference 8) by employing a torsionally 
vibrating crystal and measuring the mechanical loading for the 
shear wave by observing the increased resistance at resonance 
and the change in the resonant frequency. By this method it 
was shown that long chain polymer liquids had shear con- 
figurational elasticities in the order of 10’ dynes/cm?. 

The use of a torsional crystal is limited in frequency to 
about 2 to 3X10® cycles on account of the small sizes needed. 
In the present paper the range of shear wave measurements in 
liquids has been extended up to 60 megacycles by observing 
the effect, on a series of shear waves in a fused quartz rod, of 
terminating the rod by a thin layer of a liquid. The shear wave 
in the rod is altered in magnitude and phase by the boundary 
layer impedance of the liquid. By observing the reflection loss 
and the change in phase caused by the liquid layer, a measure 
is obtained of the shear impedance of the liquid. By employing 
a fused quartz rod for which the shear wave strikes the 
reflecting surface at an angle from the normal of about 79 


degrees, the effect of the shear wave impedance on the bound- 
ary is greatly enhanced and a more accurate measurement 
obtained. . 

Both the torsional crystal and high frequency shear wave 
techniques applied to polyisobutylene and poly-a-methyl- 
styrene liquids, show that there are two main relaxation 
frequencies in these liquids. At frequencies under 100 kc, the 
shear stiffness is in the order of 3X10? dynes/cm?, while in 
the high megacycle range it has increased to 5 X 10° dynes/cm*. 
The low shear elasticity appears to be associated with a com- 
posite motion of molecular rotation and translation that al- 
lows a configurational change to occur from the most probable 
chain shape. When the shear stress is removed, the molecule 
quickly returns to its most probable shape. This results ina 
low shear stiffness. At high frequencies this motion cannot 
take place, and the shear stiffness is determined by motions 
within single potential wells, and the value approaches that 
for a crystal. It is shown that the dispersion for longitudinal 
waves measured recently (see reference 11) is primarily due 
to the shear mechanisms investigated. 





I, INTRODUCTION 


T HAS long been suspected that if liquids were 

sheared sufficiently rapidly, they would exhibit 
a shear elastic effect as well as a viscous effect. 
In fact, Maxwell,! on the basis of a gas model, 
predicted that an instantaneous shear distortion 
would have a relaxation time 7 and a relaxation 
frequency f, given by the formulas 


t=n/be; fr=1/(247) =p /(227), (1) 


where 7 is the shear viscosity and yp the shear 
elasticity. A similar result has recently been ob- 
tained by Frenkel? by assuming that a liquid has a 
short range order similar to a solid, and identifying 
the relaxation time 7 as the mean life in a sedentary 
state. For ordinary light liquids, assuming a shear 
elasticity similar to a loosely knit crystal—about 
10° dynes per square centimeter—and a viscosity 
of about 0.01 poise, the relaxation frequency is in 
the order of 10" cycles, which is considerably 
above any present day ultrasonic equipment. 
However, if we use long chain polymer liquids, 
certain significant new effects appear. Long chain 
molecules are flexible, and can take up many differ- 
ent shapes. Certain coiled-up shapes are more 
probable than others and if a molecule is distorted 
from this shape, the molecule tends to return to it 


1 J. Clark Maxwell, ‘‘On the Dynamical Theory of Gases,” 
Phil. Trans. Roy. Soc. 157, 49-88 (1867). 

2J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), Chapter IV, pp. 196-200. 


in a very short time when the stress is removed. 
This type of elasticity is called configurational 
elasticity, and the rapidity of regain of its most prob- 
able shape determines the relaxation time for such 
configurational elasticities. 

When a shearing stress is put on such a molecule, 
segments of the molecule 20 to 30 chain atoms long 
are displaced from one configuration to another 
configuration which coincides with an empty space 
or hole in the liquid. A single segmental jump will 
have two effects on the polymer molecule. First, the 
shape of the molecule will be slightly altered by the 
motion of the segment, and second, the center of 
gravity of the molecule will be slightly shifted. 
The result of a large number of successive segmental 
jumps will likewise be twofold. First, the molecule 
will wriggle about from one shape to another, and 
second, the center of gravity will undergo a slow 
wandering. When these segment jumps are caused 
by the application of a shearing stress, the wander- 
ing of the center of gravity produces the viscous 
flow, while the change of shape from the most 
probable shape produces the shear configurational 
elasticity. 

The flow of segments has to occur over certain 
energy barriers W, and hence the temperature 
variations of the viscosity of some polymers such 
as linear polyesters have been shown to satisfy 
an equation of the type 


‘ 
m= AeBZeW RT, 


(2) 
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where W is the free energy barrier, R the gas con- 
stant, and T the absolute temperature. The prob- 
ability of the center of gravity of the molecule as a 
whole moving in a given direction depends on the 
probability of a number of successive segmental 
jumps occurring in the same direction, and hence 
decreases with the increasing molecular weight Z. 
Equation (2) is an equation proposed by Flory? 
and justified on a theoretical basis by Kauzmann 
and Eyring.* A more general equation which has a 
similar segmental flow justification® is 


logn = AlogZ+ W/RT, (3) 


and this equation holds for the liquids investigated. 

When the stress is removed from the molecule, 
the molecule returns to its most probable position 
by a series of segmental jumps. It has been pro- 
posed by Alfrey® that the activation energy should 
be the same as for viscous flow, and that there 
should be no chain length effect or 


m=A'eW 27, (4) 


Actual experiments given here and in a previous 
paper on longitudinal measurements? show, how- 
ever, that the average activation energy is only 
£ of that for viscous flow, and there is a chain 
length effect which is considerably smaller than 
that for viscous flow. 

If we go to still higher frequencies so that single 
chain segments do not have time to rearrange in the 
time of a single cycle, the configurational elasticity 
cannot be excited, but a shear elasticity caused by 
changing the relative positions of the segments of 
the molecules in single potential wells can still occur 
and this is a crystalline type of elasticity which 
should be of the order of 10° to 10!° dynes/cm?. 
This type of elasticity also occurs at low tempera- 
tures for which m and 2 become so large that the 
shear stiffness is the dominant impedance. All of 
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Fic. 1. Equivalent electrical circuits. 


+P. J. Flory, J. Am. Chem. Soc. 62, 1057 (1940). 

* Walter Kauzmann and Henry Eyring, J. Am. Chem. Soc. 
62, 3113-3125 (1940). 
a “ Fuller, and Heiss, J. Am. Chem. Soc. 63, 2142 

6 Turner Alfrey, Jr., Mechanical Behavior of High Polymers 
(Interscience Publishers, Ind., New York, 1948), p. 115. 
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these effects can be represented by the equivalent 
electrical circuit of Fig. 1. The flow viscosity is 
represented by 7, the configurational elasticity by 
Me, the configuration viscosity which determines the 
rate at which the configurational elasticity is 
relaxed is given by m2, while us represents the high 
frequency crystalline elasticity. Another relation 
that is equivalent to this is shown by Fig. 1B. 
The constants of this circuit are related to those of 
circuit 1A by the equations 


m4=m2+ 27, 

re 1? 928 (m1? + 02?) (ur? + M2”)? 
7 (ny? ue? — 28 u1*)? 

o (1? + 2®)?(ur? + wo”) wr? uo? 
. (91 42? — 281)? 


M34 = wr? + 28. 





Ne ’ 


(5) 


A 





Me 


’ 


Considerable study has been given to the con- 
figurational type of elasticity and it has been 
shown that under equilibrium conditions, the 
“‘kinetic’’ theory of elasticity describes the elastic 
retractive force, for example as’ 


= —T(dS/aL) =(kTv/Lo)[a—(1/a*)], (6) 


where T=absolute temperature, L=length of 
sample, S=entropy, Zo=length of unstretched 
sample, y=number of chains in the volume V, and 
a=L/Lp». Here this theory accounts nicely for the 
widely observed shear modulus of 10° dynes/cm? 
and for its increase with temperature. It is, how- 
ever, an equilibrium theory and requires time for 
equilibrium to be established before it is valid. 
For the torsional crystal measurements reported in 
the next section, the elasticity is higher than that of 
Eq. (6), and increases with a decrease in tempera- 
ture. It appears likely that it is determined by 
nearest neighbor interaction, rather than an 
equilibrium between all elements of the chain, and 
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Fic. 2. Experimental arrangement. 


7™F.T. Wall, J. Chem. Phys. 10, 132 (1942) ; 10, 485 (1942); 
11, 1527 (1943); P. Flory, Chem. Rev. 35, 51 (1944). 
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MEASURED RESISTANCE ANDO REACTANCE FOR A SHEAR 
VIBRATION OF POLYMERIZED CASTOR OIL 
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Fic. 3. Equivalent circuits and measured values for castor oil. 


has been designated as a quasi-configurational 
elasticity. 


Il. USE OF TORSIONAL CRYSTAL IN MEASURING 
CONFIGURATIONAL ELASTICITIES AND FLOW 
VISCOSITIES 


Since the configurational elasticity of long chain 
molecule liquids is in the order of 10’ dynes/cm? 
while the associated shear viscosities may range 
from 10 to millions of poises, the relaxation fre- 
quencies of such liquids will be in the order of 105 
to a few cycles, and should be in the range of 
easily measured frequencies. In fact, by employing 
a torsionally vibrating crystal whose motion is 
tangential to the surface, one of the writers® 
showed that the shear viscosity and elasticity of 
polymer liquids could be measured. In light liquids 
the method gives directly the viscosity of the 
liquids. Under temperature-controlled conditions 
the method is accurate to within a percent. 

The method consists of using a torsional quartz 
crystal, measuring the change in resonant re- 
sistance, and change in frequency caused by 
immersing the crystal in the liquid. Figure 2 shows 
the experimental arrangement. These measured 
quantities determine the resistance and reactance 
components of the liquid for a pure shearing motion. 
If the liquid is a purely viscous liquid the wave is 
propagated by having layers of mass pdx coupled 
to adjacent layers by the viscosity »/dx of the 
liquid layer. An equivalent circuit is shown by the 
left side of Fig. 3. One can readily show! that the 
so-called characteristic impedance Zo, which is the 
impedance of an infinitely thick layer, is equal to 


Zo=(mfnp)*(1+3), (7) 
and hence the resistance and reactance terms are 
equal. 
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It was shown in a reference® that when a polymer 
liquid such as polymerized castor oil was measured, 
the resistance and reactance terms were no longer 
equal, but the resistance term was larger than the 
reactance by increasing amounts as the frequency 
increased. The curves of Fig. 3 show the measured 
values for castor oil, while the dot-dash line shows 
the theoretical value if the liquid were a purely 
viscous liquid. This divergence can be accounted 
for if the liquid has a configurational shear elas- 
ticity as shown by the equivalent circuit on the 
right of Fig. 3. The impedance of a liquid with a 
single relaxation time was calculated! and is given 
by the formula 








f/f) + f/f +P/fi2)*7} 
Ru = (px)? 
: 2(1+-f?/fi?] 8) 
eid )[{ Ae | 
7 1+/f2] 





where f; is the relaxation frequency f1:=y/(277). 
A plot of this equation is shown in Fig. 4 (by solid 
lines). At low frequencies, i.e. for frequencies much 
less than the relaxation frequency, the resistance and 
reactance terms are equal, and increase propor- 
tionally to the square root of the frequency. As the 
frequency approaches the relaxation frequency, the 
resistance becomes larger than the reactance, and at 
very high frequencies the resistance approaches (py)! 
while the reactance-approaches zero. By fitting the 
theoretical curves of Fig 4. to the measured curve of 
Fig. 3 it is found that the viscosity is equal to the 
value measured by a falling ball method, namely 
18 poises, while the configurational stiffness is 
p=1/C,=1.26X107 dynes/cm?. 

Further measurements? by this method have been 
made for a series of polyisobutylene polymer liquids 
A’, B, C, and D, having the viscosity average 
molecular weights 1060, 3520, 4550, and 5590. The 
results.are shown by Fig. 5. The viscosities agree 
quite well with those measured by falling ball 
methods, while the configurational shear elasticities 
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Fic. 4. Plot of Eq. (8). 


*W. P. Mason, ‘‘Measurement of the Viscosity and Shear 
Elasticity of Liquids by Means of a Torsionally Vibrating 
Crystal,” Proc. A.S.M.E., May 1947, 
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have values ranging from 6X10° dynes/cm? to 


5X10’, depending on the temperature and molecu- - 


lar weight. These shear elasticities do not follow 
the temperature relations established for the 
“kinetic”? theory indicating that equilibrium is not 
established and that this quasi-configurational 
elasticity is controlled by the reaction of nearest 
neighbors. Further measurements by this method 
have been made and are reported in a previous 


paper.® 


Il. MEASUREMENTS OF SHEAR ELASTICITIES OF 
LIQUIDS AT VERY HIGH FREQUENCIES 


The measurements made with the torsional crys- 
tal can be satisfied by a single relaxation frequency, 
whereas the discussion in the introduction indicates 
that polymer liquids should have two main relaxa- 
tion frequencies, the latter one determined by the 
high frequency or crystalline elasticity of the liquid. 
Rough calculations indicated that the second 
relaxation frequency should come in the upper 
megacycle range. In order to measure this relaxa- 
tion frequency it was necessary to devise a different 
method since the torsional crystal method is 
limited to about 500 kilocycles on account of the 
small sizes of the crystal. Consideration was given 
to the use of a thickness vibrating shear crystal of 
the AT or BT type, but it was found that the shear 
motion was too closely coupled to other modes of 
motion, such as flexure modes, to give reliable 
results. Hence another method had to be used. 

Previous studies!® had shown that it was possible 
to set up very pure shear waves in a fused quartz 
rod by attaching a Y cut or AT shear vibrating 
crystal to the quartz rod. For permanent connec- 
tion, silver paste was baked to the quartz rod and 
the crystal soldered on by a very thin layer of 
solder. However, for experimental purposes the 
joint could be made of wax, or preferably, a very 
thin layer of one of the polyisobutylene liquids. 
The success of this joint shows that the shear elas- 
ticity of this liquid is becoming quite high. By 
sending a pulse down the rod and picking up the 
series of pulses by the sending crystal or a receiving 
crystal on the far end, the purity of the shear 
motion can be tested. Any longitudinal wave will 
travel with nearly twice the velocity of the shear 
wave, and will appear on the cathode-ray oscillo- 
graph at a point intermediate between the sent 
pulse and the first shear pulse. In this way it is 
found that any longitudinal pulse is at least 50 db 
down from the received shear pulse, and is entirely 
negligible. 

By using a short length of fused quartz rod which 
is accurately made parallel and polished on both 

®W. P. Mason, J. Coll. Sci. III, No. 2 (May 1948). 


10W. P. Mason and H. J. McSkimin, J. Acous. Soc. Am. 
19, 464 (1947). 
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Fic. 5. Shear elasticities and viscosities for polyisobutylene 
polymer liquids. 


ends, and using a single crystal for sending and 
receiving, a series of shear wave pulses was set up 
in the rod and their relative amplitudes and posi- 
tions were shown on the cathode-ray oscillograph 
as shown by Fig. 6. Then a layer of liquid to be 
studied was put on the polished free end and the 
difference in the received pulses noted. At 10 mega- 
cycles, for example, it was found that the first 
received pulse was decreased by 1.10 db, the second 
which had been reflected twice from the fused 
quartz-liquid joint, by 2.2 db, etc. It was found by 
experiment that the thickness of the liquid layer 
did not make any difference until the thickness was 
extremely small, i.e., less than .001 cm. Hence the 
liquid layer can be considered an infinite medium, 
and the effect is only on the reflection coefficient 
which is given by the formula 


Rr=(Ze@—Z1z)/(Ze+Z1), (9) 


where Zg is the characteristic impedance of the 
quartz and Z_, the characteristic impedance of the 
liquid. The fused quartz having no dispersion and 
a very small attentuation (Q>50,000) can be 
considered a pure resistance within less than 1 
part in 50,000. However, the liquid impedance Zz 
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will certainly have a phase angle. Hence the reflec- 
tion factor Rr will have a phase angle and can be 
represented by 

Rr=Re-*, (10) 
where R is the absolute value of the reflection coeffi- 
cient, and 6, the phase angle. Solving for Zz we 
find 


Z21=R,+jX1=8. sxtof 





ee 11) 
1+ R?+2R cosé 


where 8.3105 is the shear impedance per square 
centimeter for a fused quartz rod. Now, since the 
impedance Zz, for all these liquids is less than 
0.1(1+ 7), that for the fused quartz, it can be 
shown that the phase angle 6 will not be greater 
than 5°, and the reduction in amplitude measures 
the resistance term R,z quite accurately by using 
the formula 

‘ 

R 


A series of measurements was made for the poly- 
isobutylene liquids shown by Fig. 5 for 25°C, 
and the resistance components of the shear im- 
pedance are shown plotted by Fig. 7. The resist- 
ances of the longer chain polymers show a marked 
rise with frequency which tends to approach an 
asymptotic value of about 75,000 mechanical 
ohms per square centimeter. The shorter chain 
polymers tend to approach a somewhat lower value. 

To see if this impedance tends to approach that 
which should exist for a liquid with two relaxation 
frequencies, calculations have been made for the 
case of a liquid with a series element jwpdx and a 
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Fic. 7. Resistance components of the shear impedance for the 
polyisobutylene liquids. 


shunt element shown by Fig. 1B. The B form is 
taken since the two relaxation frequencies are easily 
calculated from it. Introducing the values 


Z1=jwpdx; 
. -[: —juim)/o (—juene)/w 
* Ln (ju2/w) 


into the formula 
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where f; and fs, the two relaxation frequencies, are 
given by 

fi=mi/(2em); f2=me/(24n2). (15) 

To illustrate the form of the impedance, use is 

made of the data obtained for the liquid poly- 

isobutylene, polymer D at 26°C. The low frequency 
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Fic, 6. Series of shear wave pulses, 
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viscosity and torsional crystal measurements show 
that the flow viscosity is 1600 poises, and the con- 
figurational shear elasticity is 4X10’ dynes per 
square cm. The high frequency longitudinal meas- 
urements given in a previous paper" show that there 
is a dispersion in the longitudinal velocity which 
requires a compressional stiffness of 1.1710" 
dynes/cm? higher at an infinite frequency than the 
stiffness at zero frequency. Compressional stiff- 
nesses are controlled by the Lamé elastic constants 
\+2y, and compressional measurements do not 


1! Mason, Baker, McSkimin, and Heiss, Phys. Rev. 73, 
1074-1091 (1948); 74, 1873-1874 (1948). 
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distinguish whether the dispersion comes in the 
\-constant or the u-constant. By means of the shear 
measurements presented here, it becomes obvious 
that the dispersion occurs in the yu-constant. 

With the values of the Fig. 1A constants as 
us4 = (1.17 X 1019/2) =5.85 KX 10° dynes/cm?; y2=4.5 
X107 dynes/cm? 

ni4 = 1600 poise ; (16) 
This results in the elements of the 1B network 
being 
m? = 1425 polees; n2® =175 poises; 
m1 ge 107 dynes/cm?; 
=5.8110° dynes/cm?. (17) 


Since the 1B constants are separated out in the 
form of two relaxation frequencies, these constants 
are more easily evaluated than the constants in 
the form 1A. For example, at the very high fre- 
quencies, 718 is relaxed out by the stiffness 1? and 
the measurement of the second shear viscosity of 
Fig. 14, reference 11, divided by two, gives directly 
n®=175 poise. 12+ 728 is the ‘‘steady”’ flow vis- 
cosity, 1600 poises. yi? is the measured shear 
elasticity of 4X10’ dynes/cm?. Substituting these 
values in Eq. (14), the resulting resistance and 
reactance terms for the D polymer liquid are 
shown by Fig. 8. There are two plateaus, one in the 
region below 100 kc and the other above 100 mega- 
cycles. Hence the measurements with the torsional 
crystal in which the constants were evaluated as 
though only one relaxation frequency existed, give 
abies 


ala ba 
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Fic. 8. Resistance and reactance for the D polymer liquids. 


very closely the correct results for the lowest re- 
laxation frequency. For the high frequency range, 
the theoretical values of Fig. 8 are somewhat too 
high to agree with the measured curves of Fig. 7. 
This divergence is mostly due to the fact that the 
stiffness ue? has a hysteresis component, as shown 
in the previous paper," and this is not taken account 
of in the solid lines of Fig. 8. By introducing a 
series component uz’ such that the stiffness im- 


pedance is 
(u2’ —ju2)/w 


the effect of a hysteresis component is taken care of. 
This results in an input impedance for a long line of 
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The effect of this is to raise the effective relaxation 
frequency as shown by the dashed line of Fig. 8. 
These values were calculated for a ratio of p2’/pe 
=0.45 as found in the previous paper." This tends 
to make the theoretical and experimental values 
agree closely as shown by the dashed line of Fig. 7, 
and hence all the evidence points to a relaxation 
in the shear elasticity as the cause of the relaxation 
measured in the longitudinal velocity. 

IV. MORE SENSITIVE METHOD FOR MEASURING 


RESISTANCE AND REACTANCE COMPONENTS 
OF SHEAR IMPEDANCES OF LIQUIDS 


The method discussed previously for measuring 
the shear impedance of liquids by their effects on 
the reflection coefficient at normal incidence suffers 
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from the fact that the limiting impedances of the 
liquids are only about 0.1 that of the fused quartz, 
and hence the effects on the reflection factor and 
reflection phase are very small. It has been found” 
that an enhanced effect can be obtained by re- 


LIQUID 





H 
‘ 
o—! 
FUSED QUARTZ 
SOLDERED 
JOINTS 


Fic. 9. Arrangement for measuring the shear impedance of 
liquids by reflection at low angle of incidence. 


2 This idea was suggested and developed by H. J. McSkimin. 
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Fic. 10. Circuit connections. 


flecting the shear wave off the liquid-solid interface 
at a low angle of incidence. An exact solution for 
the reflected wave has been obtained by H. T. 
O’Neil and will be published in a companion paper. 
It appears, however, that for all the liquids con- 
sidered here, the effect of this low angle in de- 
termining Z, is given by the equation 


1—R?+2jR oa 19) 
1+ R’?+2R cosé 


where R is the absolute value of the reflection factor, 
and @, the phase angle. Hence the effect of the low 
angle is to transform the shear impedance of the 
liquid up by an impedance transformation ratio 
1/cosg, where ¢ is the angle of incidence from the 
normal, 

In order to make the device a reasonably short 
length—approximately four inches as shown by 
Fig. 9—and have it still radiate the whole surface 
by the directive shear wave, the angle y was chosen 
as 79°, giving an impedance transformation ratio 
of 5.25 to 1. The solution given by Eq. (19) depends 
on the particle motion of the surface being at right 
angles to the surface normal. This ‘is secured by 
putting the x-crystallographic axis of the quartz 
crystal parallel to the reflecting surface for both 
sending and receiving crystals. 

The method for obtaining the resistance and 
reactance components is to determine the reflec- 
tion loss per reflection and the phase change per 
reflection. The reflection loss is obtained by com- 
paring any one of the reflections with a clear reflect- 
ing surface with the same reflection, with the 
reflecting surface covered by the liquid, and divid- 
ing by the number of times this particular com- 
ponent has suffered reflection from the solid liquid 
interface. To measure phase, two identical fused- 
quartz rods were constructed with two input and 
two receiving crystals. These are connected in 
the circuit shown by Fig. 10. Here the upper 
reference bar is connected through a _ pentode 
vacuum tube with an R-C phase shifting net- 
work in the input. Since we are comparing two 
received pulses occurring at the same time, one has 
to balance the amplitude and make the phase 180° 





Z2=R2+jxX2= coseZd| 


different. When the variable resistance, R, is equal 
to zero, the phase shift introduced by the phase 
shifting network is zero and 180° is introduced by 
the tube. If we make Ry, low so that the gain 
through the tube is zero, the two received pulses 
can be balanced out when no liquid is placed on the 
lower rod. Now, when a liquid is placed on this 
reflecting surface, the amplitude is reduced and the 
phase is changed for the pulse received from the 
lower unit. To balance it out now, the gain of the 
tube is reduced by introducing a negative bias on 
the suppressor grid. By comparison methods it is 
shown that this changes the phase of the upper 
pulse by less than 1°. Then, to balance out the 
phase shift introduced in the first reflection by the 
liquid, the variable resistance R is increased, until 
the two adjustments annul the received pulse. 
By calibrating the phase of the adjustable circuit, 
the reflection phase shift can be measured within a 
degree. Only a very moderate amount of tempera- 
ture and frequency stability are required for this 
system. 

A few measurements have been made with this 
system. Figure 11 shows the resistance and reac- 
tance at 10 megacycles and 25°C of a number of 
polyisobutylene liquids graduated according to 
molecular weight. The lighest liquid, having a flow 
viscosity of 0.55 poises, acts nearly like a purely 
viscous liquid with only a small amount of shear 
elasticity. As the molecular weight increases, the 
divergence between resistance and reactance in- 
creases, and above’a molecular weight of 10,000 
the shear elasticity is a very slowly increasing 
function of the molecular weight. 

A number of these liquids have been measured 
at the three frequencies: 4.5 megacycles, 14 mega- 
‘cycles, and 24 megacycles, over a temperature 
range. The measurements for three of these liquids 
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Fic. 11. Resistance and reactance at 10 megacycles and 25°C 
of polyisobutylene liquids. 
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Fic. 12. Resistance and reactance curves at various fre- 
quencies for liquids having viscosity average molecular 
weight of 1060. 


having viscosity average molecular weights of 1060, 
3520 and 5560 are shown by Figs. 12, 13, and 14. 
The highest molecular weight material shows a 
stiffness at all three frequencies that increases with 
a decrease in temperature. The lowest molecular 
weight material, on the other hand, appears to be a 
viscous liquid at 4.5 mc and only shows a stiffness 
at 24 mc, or at low temperatures. 

The measured results can be fitted by an equiva- 
lent circuit having the elements shown by Fig. 1B. 
Here the sum of and 72 equals the low frequency 
viscosity, which for these liquids is shown by Fig. 5. 
#1, the quasi-configurational shear stiffness for a 
number of liquids, is also shown by Fig. 5. If we 
plot these as a function of density, it appears that 
all of the stiffnesses can be plotted on one curve as 
shown by Fig. 15. If we extrapolate this down to 
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Fic. 13. Resistance and reactance curves at various fre- 
eo" for liquids having viscosity average molecular weight 
of 3520. 


the density of the lowest molecular weight liquid 
(0.826 at 25°C), the shear stiffness for configura- 
tional conditions will have dropped to 2105 
dynes/cm? for this liquid. At the same time the 
viscosity as measured by the reflection coefficient 
of the shear wave nearly coincides with the static 
measurements shown by Fig. 5. Hence it appears 
that the first relaxation mechanism of Fig. 1 can 
be neglected, and the impedance accounted for by a 
single mechanism. For the other two liquids, the 
relaxation frequency of yu, 1 is much less than the 
measured frequency, and as shown by Fig. 8, the 
impedance measured can be accounted for by a 
single relaxation mechanism having the constants 
be and 22. 

In order to evaluate these constants, yu; is set 
equal to zero, and f; to infinity. Solving for the 
resistance and reactance terms we find 
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A plot of these values for a value of uo’/y2=0.45 
(the value found from longitudinal measurements) 
is shown by the dot-dash lines of Fig. 4. 

Fitting the reactances and resistances measured 


f( 





me) 


and shown by Figs. 12, 13, and 14 to these curves, 
the asymptotic value of R.=(pyu2)? and the relaxa- 
tion frequencies f, can be determined for the differ- 
ent temperatures and different molecular weights. 
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Fic. 14. Resistance and reactance curves at various fre- 
quencies for liquids having viscosity average molecular 
weight of 5560. 


Then knowing the density p, the value ye can be 
determined from the equation 


Me = R.,.?/p. (22) 
The second shear viscosity, yz, can be determined 
from the formula 

n2=wHe/2rfe, 


where f, is the relaxation frequency. 
The high frequency shear elasticity ue is shown 
plotted on Fig. 15 as a function of the density. 
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Fic. 15. Shear eiasticities plotted as a function of density. 


Since over this range the change in density is 
roughly proportional to the change in temperature, 
it is seen that the variation in high frequency shear 
elasticity parallels quite closely the variation in 
quasi-configurational elasticity as a function of 
temperature. However, the difference due to 
molecular weight change does not even approxi- 
mately follow the variation in density, unlike the 
quasi-configurational elasticity. The viscosities 7, 
are shown plotted as a function of 1/T by Fig. 16, 
All the slopes are approximately parallel, and indi- 
cate an activation energy of about 12 kilocalories, 
The low frequency viscosities, shown by Fig. 5, 
have an activation energy of 16 kilocalories for 
molecular weights of 3500 and above, but for the 
lowest molecular weight of 1060 the slope is less 
and the indicated activation energy is about 12 
kilocalories. Since a molecular weight of 1060 corre- 
sponds to a repeating chain of 19 links, i.e., perhaps 
about the size of an Eyring segment, it may be that 
an activation energy of 12 kilocalories is the value 
for the motion of a single segment. The values of 
nz plotted on Fig. 16 then represent the motion of 
individual segments caused by a chain retraction. 
There is a chain length effect due to the fact that 
there is an increased improbability of all the seg- 
ments moving in the same direction as the chain 
increases in length. 

Since both quasi-configurational (in the sense of 
relaxation times leading to apparent stiffness for 
shape changes), and crystalline elasticities in all 
probability are determined by nearest neighbors, 
the action of any segment may be represented as 
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Fic. 16. Second shear viscosity as a function of 1/T. 
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Fic. 47. Potential well distributions. 


due to the potential well distribution shown in 
Fig. 17B. The viscous flow of the molecule requires 
a translation and rotation and hence occurs over the 
free energy barrier AU;. On the other hand, an 
extension or contraction of the chain as a whole, 
which occurs when configurational elasticity occurs, 
requires no change in the center of gravity of the 
chain, and probably results in a lower over-all free 
energy barrier AU2. When a shearing stress is put 
on the liquid, one well is lowered compared to the 
other, as shown by the dotted line. At low fre- 
quencies, sufficient time is given so that a viscous 
flow occurs over the high energy barrier. As the 
frequency increases there is not time for an actual 
transfer of the center of gravity in the time of a 
single cycle, but a local distortion still can occur 
across the lower energy barrier. This is a reversible 
process and results in the quasi-configurational 
elasticity since entropy changes tending always 
toward most probable chain shapes are concur- 
rently happening. Since the motion that can occur 
is large, the configurational stiffness is small. At 
still higher frequencies, even the local distortion 
cannot occur and the only effect is the displace- 
ment of the segment from its equilibrium position. 
This results in a very high shear stiffness of the 
crystalline type. According to the measurements, 
the height of the flow viscosity activation energy 
barrier is 16 kilocalories per mole, whereas the local 
distortion energy barrier is 12 kilocalories. The 
same relative slope of the configurational and 
crystalline stiffnesses with temperature shown by 
Fig. 15, indicates that there is a correspondence 
between the shape of the bottom of the two poten- 
tial wells and the complete free energy curve. As the 
chain length decreases, the distinction between a 
local distortion and a true flow motion disappears, 
and for liquids having a chain length in the order of 
one Eyring unit or less, the two potential wells 
become equal and the potential well distribution is 
similar to that for a light liquid as shown by Fig. 
17A. Under these circumstances the quasi-con- 
figurational elasticity disappears. 

Another interesting result is obtained by com- 
paring the values of viscosity 72 measured by the 
high frequency shear technique with the value 
measured in longitudinal measurements of Fig. 14, 
reference 2. The longitudinal measurements, which 
determine the sum of the compressional viscosity x 


90,000 














80,000 
RESISTANCE 
om o~- REACTANCE 





70,000 














RESISTANCE AND REACTANCE IN MECHANICAL OHMS 





20,000 
Ne 
bo 





























60 
TEMPERATURE IN DEGREES CENTIGRADE 


Fic. 18. Resistance and reactance for a poly-a-methyl styrene 


liquid. 


plus twice the shear viscosity 72, are shown plotted | 
by the solid lines of Fig. 16. For the lowest molecu- 
lar weight (polymer A) the longitudinal viscosity 
is about 2 times 7, indicating a negligible compres- 
sional viscosity. The longer chains have a com- 
pressional viscosity which is, however, a consider- 
able fraction of the shear viscosity. Evidently com- 
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Fic. 19. Second shear viscosity and stiffness for a poly- 
a-methyl styrene liquid. 
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pressional viscosity is a steep function of average 
chain length. As nearly as can be judged from the 
relative slopes of the viscosities measured by 
longitudinal and shear waves, the activation energy 
of the compressional viscosity is equal to that of the 
second shear viscosity. 

Some measurements were also made for a poly- 
a-methyl styrene liquid and the results are shown 
by Fig. 18 for three frequencies over a temperature 
range. One interesting difference is at once obvious, 
namely, that any hysteresis effects are small, since 
at low temperatures the ratio of reactance to re- 
sistance becomes greater than 50, whereas it did 
not exceed 8 for polyisobutylene. This correlates 
also with the fact that the high frequency losses of 
solid polystyrene are much less than those of high 
molecular weight polyisobutylene at ordinary tem- 
peratures. Analyzing the data of Fig. 18, using the 
solid curves of Fig. 4, one obtains the shear elas- 
ticity ue and the shear viscosity 72 shown by Fig. 19. 
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The shear elasticity is somewhat higher than that 
for a 5560 molecular weight polyisobutylene but 
has about the same change with temperature. The 
variation of 2, however, is much larger for poly. 
a-methyl styrene than for polyisobutylene, and 
corresponds to an activation energy of 23.6 kilo- 
calories. 

Some measurements were also made of very light 
liquids such as water and cyclohexane. By observ- 
ing the fifth and seventh reflection for both ampli- 
tude and phase changes, measurable results were 
obtained. For both cases within the experimental 
error, the values agreed with the steady flow meas- 
urements. Hence in agreement with Eq. (1), they 
are considerably below their relaxation frequencies, 
and indicate that no configurational type elastici- 
ties exist for these liquids. These measurements 
show that the enhanced losses for longitudinal 
waves for these liquids must be due to compres- 
sional viscosities. 
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A pulse technique at 10 Mc/sec. has been used to study the anomalous elastic properties of rochelle 
salt single crystals at temperature around the upper Curie temperature. The temperature dependence 
of foiled crystal constant Sy and of the attenuation of waves which contain a component of shear 
strain in the X crystallographic plane is reported. The attenuation measurements are formulated in 


terms of the interaction theory. 


The dependence of the velocity in 45° X cut crystals of rochelle salt on a d.c. field in the X crystal- 
lographic direction shows a marked unipolarity. This change in velocity which is caused by the bias 
field arises from the two following sources: one is the usual saturation on effect which produces a 
change in velocity that is independent of the polarity; the other is the morphic effect which results 
from the induced monoclinic constants, and which produces a velocity change, the sign of which is 


dependent on the polarity. 


I. INTRODUCTION 


T is well known that rochelle salt exhibits extra- 

ordinary elastic, dielectric, and piezoelectric 

properties: Several experimental and _ theoretical 
studies of these properties have been made.! 

In the past the data on the elastic properties 
have been obtained principally by the self-reso- 
nance method. Recently Huntington? has used a 
pulsed ultrasonic technique for determining a com- 


* This paper is a portion of a dissertation submitted in 
1948 to Physics Department of Rensselear Polytechnic Insti- 
tute in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

** Now at Battelle Memorial Institute, Columbus, Ohio. 

1For a review of the investigations of rochelle salt, see 
W. G. Cady, Piezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946). 

?H. B. Huntington, Phys. Rev. 72,321 (1947). 


plete set of elastic moduli for rochelle salt at room 
temperature. The present paper reports the use of 
the ultrasonic method to study further certain 
interesting aspects of rechelle salt. 

In the self-resonance experiments the wave- 
length of the sound waves in the specimen is of the 
order of the specimen dimensions, while in the 
pulsed ultrasonic method the frequency is suf- 
ficiently high that the specimens are essentially 
infinite compared to the wave-length of the sound. 
The boundary conditions for the two cases lead to 
expression for the velocity in terms of the elastic 
compliance coefficients S;; and of the elastic moduli 
Cj, respectively. 

The interesting elastic phenomena in Rochelle 
salt center around the anomalous temperature 
dependence and the saturation effects (both 
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mechanical and electrical) of the shear compliance 
Su® of the foiled crystal. In the self-resonance 
experiments S4,” appears in the velocity equations 
either alone or in a sum with other coefficients S,;. 
In the pulsed method the quantity C,,*, where? 


Cus* = 1/S47 = Cus —fi?/x1 


appears in the velocity equation alone or in a sum 
with the moduli C,;. However, for the former case 
Si® approaches infinity at the Curie points and 
therefore is the dominant term while for the latter 
case C44* approaches zero and other terms become 
important. 

In this work the pulsed method has the following 
advantages: first, the induced monoclinic elastic 
constants which are produced by a bias field can 
be observed since they are not masked by the term 
Cu*; second, it is possible to make measurement 
on 45° X cut bars right at the Curie temperature 
where S44” approaches infinity. 


Il. EXPERIMENTAL PROCEDURE 


The pulsed method at 10 Mc/sec. has already 
been described.? With it velocities could be measured 
with an accuracy of about 0.5 percent. 

The rochelle salt specimens which were studied 
in this investigation were obtained from the Brush 
Development Company. The crystals were rec- 
tangular parallelepipeds with dimensions of the 
order of one inch. The two following cuts were 
principally used : 

1. 45° X cut specimens. X cut quartz transducers were used 
for transmission in either of the two 45° directions. The X 
faces of the specimens were foiled. 

2. 90° Z cut specimens. The Z dimension, which was the 
direction of a transmission, was one-quarter inch. The Y cut 
quartz transducer was oriented so that the transverse mode 
which was generated was polarized in the Y crystallographic 
direction. The X faces were foiled. 


The temperature of the specimens was con- 
trolled to 0.02°C by means of a water bath ther- 
mostated by a mercury-tuolene regulator. 

When an electrical bias field was required, the 
field was produced by applying a potential between 
the foils on the specimen faces. In order to insure 
a uniform bias field at right angles to the direction 
of propagation, the quartz transducer (which had 
metallic electrodes) was isolated from the rochelle 
salt specimen by a two-inch length of an am- 
monium dihydrogen phosphate single crystal. 


lll. THE TEMPERATURE DEPENDENCE OF S,,” 


For the Z cut specimen with the Y cut transducer 
oriented as described above, the velocity »v is 


pv? = Cy,* = 1/Sa7, 


where p is the density. The plotted points on Fig. 1 
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Fic. 1. Temperature dependence of 1/S4", the elastic com- 
pliance for a foiled crystal, for rochelle salt. Dotted curve is 
computed from data in Fig. 2. Plotted points are from veiocity 
measurements of a transverse mode in the Z direction. Solid 
curve shows the Curie-Weiss law for S44”. 


give the results of the measurements of this quan- 
tity through temperature ranges on either side of 
the upper Curie point. Velocity measurements were 
not possible between 22.7°C and 26.8°C because of 
the high attenuation. 

For propagation along a 45° direction of a 45° 
X cut specimen, a quasi-compressional mode with 
velocity 4 and a quasi-transverse mode with ve- 
locity vg are coupled together. These velocities are 
related by the equation? 


Cyt Ca=(Co2+C33)/2+Caa*, (1) 


where C,= pv? and Cz= pa. The temperature vari- 
ation of the quantity C, is given by Fig. 2. The 
quantity Ca—(C22+Cs33)/2 varies slowly with tem- 
perature having a temperature coefficient of 
—0.001/°C.? The minimum value of Cq* occurs 
with minimum value of C, at the temperature of 
24.2°C. 

These measurements result in a value of 24.2°C 
+0.1 for the upper Curie temperature. Values have 
been reported in the literature from 22.25°C to 
24.5°C, the most widely accepted value being 
23.7°C.4 This wide spread in the results seems more 
likely to be due to the method in which the quantity 
is measured than to a difference in specimens. 

If one assumes that C,,* vanishes at the Curie 
temperature, one has 


Ca— (Co2+C33)/2 = — Comin.) = — 2.64 10".° 


If one computes Cy* from C, making use of the 
above values for the magnitude and temperature 
coefficient of Ca—(C22+C33)/2, one obtains the 
dotted curve in Fig. 1. Also, the quantities 
(1/Cy4* — 1/Cu4) and — 1/2(1/Cg4* —1/Ca4) are 
plotted for temperatures above and below 24.2°C, 


’This temperature coefficient was computed from tem- 
perature coefficients of the elastic compliances given by. 
Mason (see reference 1, p. 132). 

4H. Mueller, Phys. Rev. 57, 829 (1940). 

5 Huntington’s values (see reference 2) give —2.58X10" 
for Ca—(C2+C3)/2; this value equals 2.6410" within the 
combined errors. “ 
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pression mode in 45° X cut crys- 
tals of rochelle salt. C,= pv’. 
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respectively. Through a limited temperature range 
around 24.2°C, a straight line results as predicted 
by the interaction theory. The slope of the line 
leads to a value of 67.310-" for o, the Curie con- 
stant. Mason’s data for S4,¥ gives a value for o of 
66.7 X10-2.4 


IV. THE TEMPERATURE DEPENDENCE 
OF ATTENUATION 


The temperature dependence of the attenuation 
of 10 Mc/sec. ultrasonic pulses in rochelle salt is 
given in Fig. 3. Curves a, b, and c give the attenu- 
ation in db/cm for the quasi-compression mode 
which travels in the 45° direction of the 45° X cut 
specimens, for the transverse mode in the 90° Z cut 
specimens, and for the compression mode propa- 
gated along the crystallographic axes, respectively. 

Both of the modes: which have a maximum in 
the attenuation at the Curie temperature contain 
a component of shear strain in the X plane and the 
expressions for their velocities contain C4,*. There- 
fore, this anomalous temperature dependence of the 
~ attenuation apparently has the same origin as the 
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Fic. 3. Temperature dependence of A, the attenuation in 
decibels per cm of travel, for 10 Mc/sec. ultrasonics in 
rochelle salt single crystals. Curve a—compression mode in 
45° X cut crystals. Curve b—transverse mode travelling in Z 
direction. Curve c—compression mode propagated along 
crystallographic axes. © Z direction+ Y direction. Correction 
for curve c, one-half A is plotted. 


other well-known anomalies in the properties of 
rochelle salt and can be formulated in terms of the 
interaction theory. 

Mason has shown® that the low values of “‘Q” 
which were observed by him in the foiled 45° X cut 
bars of rochelle salt vibrating at their resonant 
frequencies were principally a result of dielectric 
loss rather than mechanical loss. Mason introduced 
this loss into his analysis by use of a complex 
inverse dielectric susceptibility x-1 for the X crys- 
tallographic direction. The wave equation for the 
90° Z cut specimens becomes 


p(d7u2/ dt?) = Caa** (0?u2/ 0x3"), (2) 
where 
Ci” =Cu —fi14e?/xe1. (3) 


ue is the displacement along the Y crystallographic 
axis, and x; is the position coordinate along the Z 
direction. 

The solution of this equation is 


Us = 29 exp(—twt) exp[ — (a2—78)xs], 


where 
a2—18 = — te (Cag**/ p)—3. 


Coubininn Eqs. (3) and (4), one obtains 
xiDurtx1?Cua—txr'firs?) } 
Di? + (Casxr')? 
where x-1 has been written as 
Xei=xi-tx1, and Dy=xiCu—fie. (5) 


Mueller has pointed out* that fig and Cy, are 
nearly independent of temperature, but that x: 
varies with temperature in ‘such a manner as to 
cause D\, to vanish at two temperatures. This 





a2 —18B = —iwp 


6 W. P. Mason, Phys. Rev. 58, 744 (1940). 
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vanishing of D,, in the interaction theory is the 
origin of the Curie points. 

Except very near the Curie temperatures, where 
D,, vanishes, the second degree terms in x,’ can be 
neglected, and 


B=w/v=w(Cas*/p)—}, (6) 


aa=— pu(x1'fraw) /2D122. (7) 


Since D,, tends toward zero, a2 tends to very 
large values. For small values of Di, the exact 
expression, Eq. (5), must be used ; it predicts finite 
values of attenuation and non-vanishing values of 
velocity. However, in the temperature range, where 
the attenuation is sufficiently small to allow mea- 
surements to be made (see Fig. 3), Eqs. (6) and (7), 
the approximate expressions hold. 

The attenuation due to the electrical loss also can 
be formulated for the 45° X cut specimens. The 
attenuation coefficient a’ is 

gfe ths 
ay! = =a Oe 
20 Dist (Coot C33-+2Ce23)/4 |? 


where v’ is the velocity. This attenuation is also 
seen to pass through a maximum at the temperature 
for which D4 vanishes. 

The compression modes along the crystallo- 
graphic axes involve no electromechanical coupling. 
Therefore, the losses shown by Fig. 3, curve c, 
include no dielectric loss; instead these losses are 
made up of apparent attenuation inherent in the 
pulsed method and of true mechanical absorption. 
The apparent absorption arises from beam 
spreading, pulse distortion, and scattering of 
the ultrasonic energy. If one assumes that both the 
modes with and without electromechanical coupling 
experience the same attenuation due to causes other 
than dielectric losses, one can obtain values of a2’ 
and a2 by subtracting Fig. 3, curve c from Fig. 3, 
curve a and curve 3, respectively. The results are 
shown in Fig. 4, curves } and c. 

By combining Eqs. (7) and (8), one obtains a 
relationship between a2 and a’. If one computes 
a2 by using a2’ from Fig. 4, curve c and Mueller’s 
data? on the temperature variation for x1, one 
obtains Fig. 4, curve a. The temperature scale on 
the data for x1, was shifted so that the minimum of 
x1 occurred at 24.2°C, our Curie temperature. The 
constant fi, was taken as 7.8X10‘ c.g.s. units.’ A 
value of C44= 11.97 X10" dyne/cm? then was chosen 
so that Dy, vanished at 24.2°C. 

Values of x;’, the complex part of the dielectric 
susceptibility, have been computed from Eq. (8). 
The temperature variation of this quantity is given 
by the 10 Mc/sec. curve on Fig. 5. The quantity 


while 





7 See reference 1, > 620. 
8 W. P. Mason, Phys. Rev. 55, 775 (1939). 
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Fic. 4. Temperature dependence of the part of the attenu- 
ation as a result of dielectric loss for 10 Mc/sec. ultrasonics 
in single crystals of rochelle salt. Curve a is a2 for transverse 
mode travelling in Z direction computed by Eqs. (7) and (8). 
Curve b is measured values of a; for the same mode. Curve c 
is the measured value of a2’ for the compression mode in 45° X 
cut crystals. 


—x1’ can be shown to be equal to wR, where w is 
the angular frequency and R is the series resistivity 
of the dielectric. In Fig. 5, values of wR given by 
Mason at three frequencies are compared with x1’. 

The quantity — x,’ is proportional to the energy 
loss per cycle. If the dielectric loss is a hysteresis 
type, one would expect the loss per cycle and 
therefore x1/ to be independent of frequency. On 
the other hand, if the dissipation is a conduction 
type, x1’ will be proportional to frequency. The 
results shown in Fig. 5 indicate that below the 
Curie temperature x1’ is essentially constant for 
the three dielectric measurements indicating a 
hysteresis type loss; however, — x1’, measured by 
the pulsed method at 10 Mc/sec., is considerably 
lower. This result is believed to arise from the much 
lower amplitude of polarization in the pulsed mea- 
surements than in the dielectric measurements. 
Above the Curie temperature x1’ is seen to increase 
with frequency although less rapidly than w. There- 
fore, for that temperature range the dissipation of 
the conduction type is the predominant term. 
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Fic. 5. Comparison of the temperature dependence of the 
dielectric resistivity R with x’, the imaginary part of the 
complex inverse susceptibility of rochelle salt crystals. The 
resistivity R was taken from dielectric measurements by 
Mason (6) at 1000 c/sec., 80 kc/sec. and 160 kc/sec. The 
quantity xi’ was measured by the pulsed ultrasonic method 


at 10 Mc/sec. 
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Fic. 6. Dependence of the velocity v of a compression mode 
in 45° X cut rochelle salt crystals on E;, the electric field 
strength in the X direction for temperatures above the Curie 
temperature. The quantity Cy is equal to pv. 


V. THE ELECTRIC FIELD EFFECT 


When a d.c. bias field is applied along the X crys- 
tallographic axis of a rochelle salt crystal at a 
temperature near the Curie temperature, a marked 
increase in the velocity occurs in all modes which 
contain the elastic compliance S44” (or the elastic 
moduli C,,*) as a major term in the velocity equa- 
tion. The dependence of S44 on field strength Fi, is 
adequately predicted by the following formula from 
the interaction theory.® 


1/S44” = Cu—fie/(x1+3BP 2), (9) 


where the polarization P; is a function of E,. B is 
the coefficient of the fourth degree term in P; 
introduced in the stress-strain energy functions to 
account for saturation effects. Mueller and 
Matthias" used the self-resonance method to study 
the dependence of the velocity in 45° X cut bars 
on field strength and their results were consistent 
with Eq. (9). 

When the pulse technique was applied to study 
the’ dependence of velocity in rochelle salt on EF, 
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Fic. 7. The quantity C,= pv? as a function of electric field 
strength E;. Same as Fig. 6, except temperatures are below 
the Curie temperature. 


*H. Mueller, Phys. Rev. 58, 565 (1940). 
10H. Mueller, Phys. Rev. 57, 842 (1940). 
1B. Matthias, Helv. Phys. Acta 16, 99 (1940). 
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the polarity of the bias field was observed to have 
a large effect. This unipolarity was not observed by 
the self-resonance method and is not predicted by 
Eq. (9). The dependence of the velocity on the 
electric field strength in 45° X cut specimens is 
given for several different temperatures in Figs. 6, 
7, and 8. For each of these curves the direction of 
propagation was along one of the two 45° directions 
and the electric field was applied along the X axis, 
perpendicular to the direction of travel. The tem- 
perature was held constant by thermostating the 
specimen and the electric field strength was varied. 

Figures 6 and 7 show the variation of Cy with 
field strength for a series of temperatures above and 
below the Curie temperature, respectively. These 
curves contain data on several specimens. However, 
in all cases the 45° direction along which an ex- 
pansion occurred upon the application of a positive 
voltage was chosen as the direction of propagation. 
In a 45° X cut rochelle salt crystal an electric field 
applied in the X crystallographic direction causes 
an expansion along one 45° direction and a con- 
traction along the other. It is apparent that there is 
a large asymmetry in the field effect with respect 
to the polarity of the bias field. Below the Curie 
temperature even the sign of the initial change in 
Cy is reversed upon the reversal of the polarity. 

Figure 8 gives the results of two sets of measure- 
ments which were made on the same specimen. 
Curve a was taken for propagation along the 45° 
direction which expanded upon the application of 
the positive voltage while curve b was taken along 
the other 45° direction. 

In all cases the asymmetry was such that the 
velocity was larger for the polarity of the field that 
caused a contraction of the crystal along the direc- 
tion of propagation. 

VI. DISCUSSION OF THE MEASUREMENTS OF 

THE ELECTRIC FIELD EFFECT 


Rochelle salt is normally assigned to the rhombic 
hemihedral class, No. 6. However, it has been pointed 
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Fic. 8. The quantity C,=pv* as a function of electric field 
strength E, for the two perpendicular 45° directions in a 45° 
X cut rochelle salt crystal. Curve a—propagation along 45° 
direction which elongates with positive field strength; curve b 
—propagation along other 45° direction. 
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Fic. 9. Convention for assigning crystallographic axes to 
rochelle salt with monoclinic structure. 


out by Jaffe! that when the crystal lattice is sheared 
the symmetry of the crystal is reduced. The reduc- 
tion in symmetry occurs spontaneously in the fer- 
roelectric temperature range even in the absence 
of an electric field and artificially in any tempera- 
ture range when a d.c. bias field is applied in the 
X crystallographic direction. Jaffe has shown that 
in the sheared condition the crystal should be 
assigned to the monoclinic hemimorphic class, No. 3. 
As a result of the deformation, new physical con- 
stants come into being in the crystal. Mueller has 
given the name “morphic effects’ to the effects 
that arise with the new constants. 

The author believes that the asymmetry observed 
in these measurements is a morphic effect arising 
from the new elastic constants introduced when 
the crystal is sheared by the electric field. To test 
this theory one must see how the new constants 
enter into the velocity equation. 

When the crystal lattice is sheared in the X plane 
through the angle ¢ as shown in Fig. 9, the mono- 
clinic crystallographic axes a, b, and ¢ are assigned 
as indicated. By the convention chosen for the case 
of rochelle salt the X axis coincides with the polar 
axis b, the Z axis coincides with the c axis, and the 
Y axis is chosen to complete a right-handed system. 

The change from the rhombic crystal structure to 
the monoclinic structure adds the elastic constants 
Cis, Cos, C34, Cs, and the piezoelectric constant foe 
to the constants necessary to describe the system. 
If one computes the transformed elastic constant 
Co’ in the monoclinic crystal for a system of axes 
rotated 45° around the X axis, one obtains 


Coo+ Cos +2Cost+4Cua 


+(Cos+Caa), (10) 





the minus and plus signs holding for a rotation 
from the positive Y direction toward the positive 
and negative Z axes, respectively. Therefore, by 


2H, Jaffe, Phys. Rev. 51, 43 (1937). 


(e) 200 
E, Volt /cm 


Fic. 10. Lower curves—the dependence of the sum of the 


. induced monoclinic elastic constants C24 and C3, on the electric 


field strength E, for rochelle salt crystals. Upper curves— 
= of strain on static fields, from Vigness (see refer- 
ence 13). 


use of Fig. 9 showing the expansion and contraction 
of the 45° X cut crystal when the crystal lattice is 
sheared, it is seen that the positive and negative 
signs hold for the contracted and expanded dimen- 
sions, respectively. 

The velocity in the 45° direction is given by 


pv? = CoCo’ —fi?/x1. (11) 


The induced piezoelectric constant fxg can be 
neglected in the piezoelectric term. 

From Eq. (11) it follows that the difference in 
the quantity C, for positive and negative fields of 
the same magnitude is 2(C24+ C34). The dependence 
of this difference on field strength is given in Fig. 10 
for several different temperatures. On the same 
figure static measurements made by Vigness!* of 
the piezoelectric strain as a function of field strength 
are shown. The striking similarity between the two 
sets of curves indicates a very definite correlation 
between the observed asymmetry and the distortion 
of the crystal lattice and helps to verify the hy- 
pothesis that this is a morphic effect. 

Neither the elastic nor the piezoelectric data are 
sufficiently complete to allow one to determine an 
exact relationship between (C2s+C34) and the 
strain e,. However, if one assumes that the two 
quantities are proportional, one has 


Cos + Cop = hes, 


where 
k~3 X10" dyne/cm?/radian, 


13], Vigness, Phys. Rev. 46, 255 (1934). 
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Fic. 11. The temperature dependence of 1/¢ A(1/Cs)' on 
rochelle salt crystals. The applied field strength was 300 
volt/cm. The quantity ¢, is the upper Curie temperature. Self- 
resonance data is from Mueller (see reference 9). 


The question arises as to why this unipolarity 
was not observed by the investigators who studied 
the field effect by the self-resonance method. The 
resonant frequency is proportional to the reciprocal 
of Young’s modulus Y which for the 45° X cut bar 
in the monoclinic state is given by 


© 1/V=1/4[S22+S33+2S23+Sa4? & (Soa tSss) ], 


where the sign to be taken again depends on the 
polarity of the bias field. 

By computing (Se4+.S34) from the value of the 
elastic moduli of rochelle salt one obtains 


PRICE 


Sos t+S34= [— 1.86 X (Cost Css), 
+1.89XCis]X10-*%. (12) 


The value of Ci, is unknown, but one can say that 
the effect of Sos+.S34 could be at the most 5 percent 
of the total change with field. Therefore, it is not 
surprising that the morphic effect has not been 
reported previously, since the self-resonance method 
is considerably less sensitive to the effect than is the 
pulsed method. 

The relationship between the change in the 
resonant frequency f of the 45° X cut bar and in the 
elastic moduli S44” (or 1/C44*) is® 


1/o A(1/C44*) =1/oe ASuF = 1/b A(1/f?), 


where b is a constant depending on the mode of the 
bar. The changes which were produced in these 
two quantities by the application of a field of 300 
volt/cm are shown in Fig. 11 for several values of 
(t—t.), where ¢ is the temperature of the crystal 
and ¢, is the Curie temperature. The values of 
1/b A(1/f?) were taken from Mueller’s data;® for 
those experiments ¢- was 23°C. The data for 
1/o A(1/C44*) were obtained from Fig. 6 by com- 
puting the average value of the change in C; for 
values of E,; of +300 and —300 volt/cm; the tem- 
perature ¢, of course was 24.2°C. Since all these 
points lie on a single curve, it follows that the same 
dependence of S44¥ (or 1/C44*) on field strength E, 
has been found by the self resonance and pulsed 
methods. 
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Samples of P-type and N-type silicon and of N-type germanium have been examined to determine 
the temperature dependence of the work function of these semiconductors as they are heated to near 
intrinsic temperatures. High temperatures of the semiconductors were obtained by passing current 
directly through the sample, and observations were made as the sample cooled. The method of de- 
termining change in work function was to observe the current versus voltage curves of photoelectrons 
emitted from a tantalum surface and arriving at the semiconductor surface. This experiment indi- 
cated negligible change in work function of semiconductors at high temperatures from that at 200 
degrees C. These results are consistent with the hypothesis of surface energy states. 





LIST OF SYMBOLS 


The symbols used through this paper are defined as follows: 


x—difference in energy between the electrochemical poten- 
tial and the surface energy level, the subscript s referring 
to semiconductors and m to metals. 
6,—difference in energy between the top of the filled band 
and the surface energy level. 
¢;—energy separation of the bottom of the conduction band 
and the surface energy level. 
AE,—width of the forbidden band in semiconductors. 
éx—separation of the electrochemical potential from the 
bottom of the conduction band in N-type semicon- 
ductors. 
€p—separation of the electrochemical potential level from 
the top of the filled band in P-type semiconductors. 
V.—negative bias (stopping potential) necessary to just 
stop electrons from reaching the semiconductor at room 
temperature. 
Vi—stopping potential in the intrinsic range. 
AV,—energy rise at the surface due to occupied surface energy 
levels. 
e—activation energy from temperature variation of con- 
ductivity. In the intrinsic case it is equal to AE,/2. 


I. INTRODUCTION 


HE work of a semiconductor! in the experi- 
ments to be described is defined as the energy 
necessary to remove an electron possessing the 
electrochemical potential of the interior to the field 
free region outside the semiconductor. The value 


* This work constituted a thesis in partial requirement for 
the Ph.D. degree at the University of Pennsylvania. 

** Now at Wheaton College, Wheaton, Illinois. 

1 The type of semiconductor can be determined by measure- 
ments of the Hall effect, thermoelectric characteristics, or rec- 
tification properties. P-type is identified by a positive Hall 
coefficient, a negative hot electrode in the Seebeck effect, or 
easy flow of current when the semiconductor is positive in a 
metal-semiconductor rectifying junction. The identification in 
this experiment was made by the last method. 

Intrinsic semiconductors combine the conductivity by holes 
of P-type with electron conductivity of N-type, the number of 
holes being equal to the number of conduction electrons and 
the source of electrons in the filled band. The sign of the Hall 
and Seebeck constants depends in the intrinsic case, on the 
relative mobilities and masses of the carriers. The conductivity 
varies with temperature as expe/kT where the activation 
energy ¢ is large compared with that for N- or P-type, and is 
approximately half the energy gap between the top of the 
filled band and the bottom of the conduction band. 


of the work function is important for a quantitative 
consideration of the action of the rectifying barrier 
established when metal semiconductor contacts are 
formed. Meyerhof? has measured the difference of 
work function of metals and semiconductors by a 
modified Kelvin method and the contact potential 
difference of intimate metal semiconductor contacts 
by the temperature variation of resistance* and 
finds little connection between these two types of 
observations. The rectification properties of N- and 
P-types are supposedly dependent upon the work 
function of the metal in contact with the surface, 
N-type giving rectification only with metals of 
higher work function than the semiconductor, and 
P-type only with lower work function metals. This 
hypothesis is found to be contrary to experience. 
The above difficulties have been resolved by Bar- 
deen‘ who assumes there exist surface states which 
result in the formation of a dipole layer 10-* to 10-® 
cm deep. 

The work function of a semiconductor has been 
thought to be temperature dependent for N-type 
and P-type semiconductors; for example, a change 
of about a half volt is expected for silicon of either 
type as the temperature is raised to the intrinsic 
range.? With increasing temperature, this change 
would be an increase for N-type and a decrease for 
P-type. The change should arise from a shift of the 
electrochemical potential in the semiconductor 
toward a point halfway between the top of the 
filled band and bottom of the conduction band. The 
number of useful acceptor or donator energy levels 
becomes negligible in comparison with the number 
of occupied levels in the conduction band at higher 
temperatures (greater than 750°C with silicon 
having 10!’ donators per cm*). The energy level 
schemes for semiconductors are illustrated in Fig. 1. 

The measurements of the work function are made 
by allowing a monochromatic beam of light to 


2 W. E. Meyerhof, Phys. Rev. 71, 727 (1947). 

?W. E. Stephens, B. Serin, and W. E. Meyerhof, Phys. 
Rev. 69, 42 (1946). 

4J. Bardeen, Phys. Rev. 71, 720 (1947). 
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strike a metal emitter. The electron current which 
arrives at the semiconductor collector when plotted 
as a function of the potential of the semiconductor 
relative to the metal yields stopping potential 
curves from which the work function of the semi- 
conductor. is determined. It can be shown that this 
work function is measured independently of the 
work function of the metal. Figure 2 illustrates for 
low and high temperatures of the semiconductors 
the energy relationships in the experiment. A more 
detailed account of the theory is found in the com- 
panion paper. 

The following equation® applies at room tem- 
perature to N-type semiconductors: 


hv=xet+ Ve=betent Ve; (1) 


while the material is heated to the intrinsic range, 
the following relationship holds approximately 


hv=xet+ Vi=oet (AEi/2)+ Va. (2) 


Here ¢, is the energy interval between the bottom 
of the conduction band and the surface. It is to be 
distinguished from x, which is the work function of 
the sample. Thus Va— V-= —[(AEi/2) — €n] where 
AE\™~1.0 volts and e,0.01 volt. If a P-type 
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for photoelectric measure- 
ment of work function of a 
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semiconductor is used 
Vi— V.=(AEi/2)—€, where e,~0.01 volt. 


II. MEASUREMENT OF WORK FUNCTION 


The arrangement of the apparatus is shown 
schematically in Fig. 3. A beam of monochromatic 
light falls on the tantalum surface from which 
photoelectrons travel to the semiconductor surface. 
Silicon and germanium were selected for these ex- 
periments because samples can be prepared whose 
bulk conductivity at a given temperature is influ- 
enced very little by prolonged heating in a vacuum. 

The source of light is a Hanovia Utility High 
Pressure Mercury Vapor lamp, from which 120- 
cycle light is obtained. The radiation is filtered by 
a Corning No. 791 ultraviolet filter which cuts out 
all principle wave-lengths shorter than 2536A and 
passes those above. The threshold of all metal used 
in the apparatus except the tantalum is less than 
3000A, thus the longer wave-lengths are of negli- 
gible importance. All computation is done using 
the 2536 resonance line. The light is focused by a 
quartz lens and passes through a quartz window to 
illuminate the tantalum surface from which the 
electrons are emitted. 

Figure 4 shows a detailed drawing of the ap- 
paratus which houses the sample. The assembly is 
machined out of brass and silver-soldered together. 
All leads to the sample and tantalum are of No. 8 
copper wire. These serve as leads through which 
current for heating and out-gassing pass, as well as 
for mechanical support. The vacuum is maintained 
at about 10-* mm of Hg by a two-stage oil diffusion 
pump using Octoil, and a liquid air trap directly 
below the cavity in which the sample and tantalum 
are mounted. The arrangement of the tantalu. 
relative to the sample is such as to cause a small 
amount of direct reflection of the mercury resonance 
line on the latter surface. Since the sidewalls of the 
housing receive the reflected light and are a possible 
source of spurious photoelectrons, the whole ap- 
paratus is nickel-electroplated. Experiment shows 
that there is no background of photoelectrons from 
this nickel plating. 





WORK FUNCTION OF 


The preamplification of the photoelectron current 
arriving at the semiconductor surface is accom- 
plished by an RCA No. 38 tube used with low plate 
and filament voltages to permit the use of a high 
grid resistance (10° ohms) as shown in Fig. 5. A 
Decade Amplifier Model 102A, made by Kay 
Laboratories, San Diego, California is used as the 
next stage of amplification. A ‘“Twin T”’ 60-cycle 
band elimination filter is used to reduce pick-up 
before feeding the signal to the oscilloscope am- 
plifier. The total amplification is such that 1 millivolt 
(10-"' ampere) fed into the preamplifier gives an 
inch deflection on the oscilloscope. Figure 3 is the 
block diagram showing the assembly of these com- 
ponents. 

The temperature of the sample is estimated to 
plus or minus 50°C by means of a platinum wire 
bolometer consisting of a strand of 0.0012-inch wire 
mounted about 1 mm in back of the sample. The 
error arises from thermal lag in the bolometer 
element. 

The instantaneous values of the stopping poten- 
tial of the semiconductor for photoelectrons from 
the tantalum are observed, as the sample cools from 
750°C to room temperature, by plotting on, an 
oscilloscope the electron current to the semicon- 
ductor versus the potential of the tantalum relative 
to the semiconductor and photographing the re- 
sultant pattern on the system. 

It would be expected that a retardation curve of 
the type in Fig. 6 would be obtained if an alter- 
nating voltage were placed between the sample and 
the tantalum, the light source being of constant 
intensity. However, the capacity between the 
sample and the tantalum is sufficiently large that 
the displacement current is of the same order of 
magnitude as the conduction current of photo- 
electric origin, so a one-second sweep must be used. 
The horizontal sweep of the oscilloscope is accom- 
plished by a relaxation circuit, shown in Fig. 5. A 
fractional part of this voltage is applied to the 
tantalum surface, so that a certain position on the 
screen always corresponds to a definite voltage of 
the sample relative to the tantalum regardless 
of the condition of the batteries. Three ranges of vol- 


Oscilloscope 


60 cycle Ho x 
| Wisinccieeie | filter | TE 
Ss 


emiconductor 




















Tantalum 





Direct to horizontal deflecting plates 





Fic. 3. Schematic diagram of apparatus. 
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Fic. 4. Diagram of apparatus for housing semiconductor 
sample and tantalum. 


tages of sample with respect to the tantalum are ob- 
tainable: plus or minus 4 volts, plus or minus 1 volt, 
and plus or minus 0.5 volt. When the tantalum is 
negative relative to the sample, the pulsating photo- 
electron beam produced by the modulated light 
source arrives at the semiconductor and is a suffici- 
ently large signal to be amplified and cause a vertical 
deflection on the oscilloscope screen; no signal is 
apparent when the tantalum is positive. A typical 
photograph of the oscilloscope screen is shown in 
Fig. 7. 

The series of photographs by which a run is 
recorded is made by triggering the sweep simul- 
taneously with the shutter of a Sept 35-mm robot 
camera. As the sample cools, the pattern on the 
oscilloscope screen is photographed at 100° intervals 
from 750°C to 450°C and at 50° intervals from 450° 
to 200°C. 

The out-gassing operating is one in which the 
tantalum and sample are both heated to incan- 
descence and so maintained until the vacuum re- 
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Fic. 5. Pre-amplification circuit and relaxation sweep 
circuit. 
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Fic. 6. Simple stopping potential curve. 


mains better than 10-> mm of mercury. By the time 
the surfaces have cooled to room temperature, the 
vacuum remains below 2X10-* mm of mercury 
although the sample receives short heating to 
approximately 1000°C. It is necessary to heat the 
sample this high in order to begin observations at 
750°C because the sample cools very rapidly 
Melting of the supports and sample at this high 
temperature is not uncommon. Therefore, higher 
temperatures in the intrinsic range cannot be 
explored in the apparatus. 

A sample of silicon or germanium is prepared in 
the following way for use in the apparatus. The 
P-type silicon was supplied by the M.I.T. Radiation 
Laboratory. The doping of these samples is known 
and in most cases is beryllium and boron. Tin-doped 
germanium was furnished by Sylvania,‘ in slices 
about 1-mm thick and one and seven-eighths inches 
in diameter. Bell Laboratories’ supplied N-type 
phosphorus-doped silicon, 1-inch square and about 
1-mm thick. Those samples not already in thin 
slabs are cut thus on a diamond wheel, after which 
they are trimmed to shape roughly one inch square. 
Both sides of the slabs are ground flat with No. 600 
carborundum, floated in water, and ground on plate 
glass. One side is then nickel-electroplated, the 
nickel-plating adhering to the freshly ground surface 
very satisfactorily; 20 milliamperes per square inch 
for 5 minutes gives adequate backing. Cracking of 
the semiconductor because of local heating results 
when no plating is used. After mounting in the 
apparatus, the sample is out-gassed by repeated 
flashing to 800°-1000°C until there is little change 
in pressure at these temperatures. This requires 
about a half hour of flashing after which the ap- 
paratus is allowed to reach thermal equilibrium. 
After an hour or more, a run may be made.® The 


6 Courtesy of H. Heins, Sylvania Special Products Division. 
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conductivity of the N and P silicon samples was 
about 10 ohm cm~. In order to approach the 
intrinsic range, a temperature of 700°C is required 
for silicon of this conductivity. For the germanium 
samples the intrinsic range is obtained at the tem- 
perature reached in this experiment. 

Projections of the photographed patterns are 
made on graph paper as shown in Fig. 8. The method 
of determining the stopping potential for any one 
pattern is to observe as nearly as possible the point 
at which the curve leaves the horizontal axis. A 
current increase of 1 percent of the saturation 
value is easily discerned. Fortunately, the curves 
as a function of temperature are of quite similar 
shape. Because of the geometry of apparatus and 
the limited range of currents observed, a detailed 
examination of the shapes of the photocurrent vs, 
bias curves is not meaningful. DuBridge plots? 
(current vs. bias voltage/kT)- were of reasonable 
shape and indicated that our stopping potential 
agreed within +0.1 volt of the stopping potential 
for a uniform emitter at absolute zero of tem- 
perature. 

Within the limits of experimental error, all 
values of the stopping potential for a given semi- 
conductor remain constant between 750°C and 
200°C as shown in Fig. 9, which summarizes all the 
experimental data for N- and P-type silicon and 
N-type germanium. Each point represents the 
average of three or more runs. The precision in an 


7 Courtesy of W. Shockley, Bell Telephone Research Labo- 


ratories. - 
8 When the tantalum alone is heated to glowing temperature 


and allowed to cool to room temperature, there is a marked 
change in the pattern’s appearance on the oscilloscope. A 
large signal is observed with the sample at negative bias 
relative to the tantalum.-This seems to imply that some 
impurity is driven off from the tantalum to the sample, 
making the sample more photosensitive than the metal. This 
results in a photocurrent from the semiconductor to the metal 


Fic. 7. Photograph of stopping potential curve with modulated 
ight source. 


rather than from the metal to the semiconductor. Once the 
— has been heated, the effect disappears. 

*L. A. DuBridge, New Theories of the Photoelectric Effect 
(Hermann and Cie, Paris, 1935). 
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Fic. 8. Stopping potential curves (envelope) for P-type 
silicon for various temperatures. Several runs are represented 
by the various shadings of the lines. 


individual point is believed to be plus or minus 0.05 
volt.!° 
The values of the work function of semiconductors 
found from estimates of the cut-off point are as 
follows: 
T 


250°C 
750°C 


250°C 
750°C 
250°C 
750°C 


It should be emphasized that these values do not 
represent the work function of a clean silicon or 


4.5 volts 


N-type silicon 
4.6 volts 


4.5 volts 


P-type silicon 
4.6 volts 


4.5 volts 


N-type germanium 
4.5 volts 
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germanium surface but merely are typical of the 
out-gassing procedure peculiar to this experiment. 


III. DISCUSSION OF RESULTS 


The changes in cut-off voltage predicted by 
Eqs. (1) and (2) have not been observed. The: 
results are in agreement with Bardeen’s assump- 
tions as to the nature of surface states. Meyerhof? 
made extensive measurements of the contact 
potential difference between metals and silicon and 
germanium. Reasoning from the above energy 
schemes, it can be shown that metals with low work 
function should give high rectification with acceptor 
semiconductors and conversely, high work function 
metals rectify with the donator semiconductors. 
But his experiments show that there is little de- 
pendence on the work function of the metal in 
respect to rectification properties, the same metal 
giving rectification with both deficit and excess 
semiconductors. Their behavior was as if the semi- 
conductors carried with them a potential barrier of 
almost constant height, thus causing rectification 
properties to be practically independent of the 
metal. 

The concept that there may be surface states on 
a semiconductor has been discussed but has lacked 
experimental proof. Bardeen* has summarized the 
theory of surface states indicating that results of 
the type reported by Meyerhof and by the author 
are to be expected. For discussion, it is convenient 
to consider the donator (N-type) semiconductor. 
On the clean surface of this substance there is 
thought to appear a dipole layer consisting of 
ionized impurity atoms, positively charged and an 
equalizing negative charge just inside the surface 


| 























P-Type Silicon 
x ‘ ———_ ——— 








. ee 
N-Type Silicon 





4— == 0===$=-=0 


— Bm ey -84—.,— 





Fic. 9. Summary of cut-off po- 
tential values as a function of 
temperature for various semi- 
conductors. 


SHJOA UL 4J0IND 40, WN|DJUOL «A; 


0} GAIJDjO4 BjdWOS 40 [D1jUaj0g 








10 In the first sets of observations, the sample was permitted to return nearly to room temperature. I 


the stopping potential varied in the temperature region 
mercury. At this pressure and room temperature, calcul 
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s below 200°C. The vacuum was held between 10~* and 2 10* mm of 
ation shows that if each molecule that hits the silicon surface sticks, a 


uctor in about one second. The contamination of the sur- 


their characteristics should be the same for both N- and P-type silicon, provided once the molecules are on the surface there 
is no tendency to group around the surface impurity atoms. Such deposited atoms may effect the number of surface states 


but as long as the original number of surface states is large their contribution can be neglected. 
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due to electrons in the surface states. (At high 
temperature the spacial distribution of electrons 
and holes must also be considered.) Thus the 
blocking layer is electrically neutral yet possesses a 
potential barrier of the correct type to explain this 
phenomena. This is the barrier pictured in Fig. 10 
for N-type semiconductor at low and high tem- 
perature. 

When two substances at the same temperature 
are electrically connected together, but not in 
contact, the electrochemical potential of one be- 
comes equal to that of the other. There is an 
electrical field in the empty space between:the two 
surfaces. If there exist surface states, there is a 
curving up of the potential levels near the surface 
for N-type silicon, penetrating 10-5 to 10-® cm. 
While the electrochemical potential is still the 
same as the surface and the interior, the electronic 
levels are raised near the surface. The potential 
gradient between these surfaces will be different 
from the expected xm—xs, where x, is the work 
function without surface states (Fig. 2). When 
surface states are present, the work function of 
N-type semiconductors is changed because of the 
curving up or down of the potential levels at the 
surface. Figure 10 illustrates the application of this 
energy scheme to the present experiment, where 
the metal is the source of photoelectrons and the 
semiconductor the receptor. The stopping potential 
to which the semi-conductor must be raised is not 
determined by the position of the electrochemical 
potential of the interior alone, but is influenced by 
the energy scheme of the surface itself. From a 


SMITH 


study of Fig. 10, the equation for the lower tem. 
perature is 


hv=xm+K.E. = ¢:+AV.+ Ve, 


where K.E. is the maximum kinetic energy of the 
electrons liberated from the metal. 

When the semiconductor is raised toward the 
intrinsic region, say above 500°C in germanium, 
the electrochemical potential in the interior of the 
semiconductor begins to approach the mid-position 
in the forbidden region. This is because all electrons 
in the donator level have been excited to the con- 
duction band, and the source of further electrons is 
the top of the filled band. At the surface there is 
still the energy distance, ¢,, to the bottom of the 
conduction band, and then a drop of AV, to the 
electrochemical potential to which the cut-off 
potential is referred. In Fig. 10, we see that Vi—V. 
may be very small. 

In brief, all that is inherent in this result is the 
assumption that the electrochemical potential at 
the surface be independent of temperature. From 
Fig. 9, it is evident that the V’s for N- and P-type 
silicon differs by only 0.1 volt. This means that the 
electrochemical potential for N-type surface states 
and P-type surface states must be about the same 
distance below the conduction band. In the figures 
shown it is assumed for reasons of simplicity only, 
that the electrochemical potential of the surface 
lies approximately halfway between the top of the 
filled band and the bottom of the conduction band, 
i.e., AV.YAE,/2. Comparable results are obtained 
for P-type semiconductors. 

In the preceding discussion the change in the 
electrochemical potential, resulting from the thermal 
gradient within the metal connecting the hot semi- 
conductor with the cold photo surface, has been 
neglected since the change in energy of the electro- 
chemical potential level expected is the order of 
thermoelectric voltages, namely millivolts. 

The author takes great pleasure in thanking Dr. 
P. H. Miller, Jr. for the suggestion of this experi- 
ment and for his constant advice and encourage- 
ment. Thanks are also due to Mr. Edwin Hahn for 
his help in organizing this material. This work was 
sponsored by the Office of Scientific Research and 
Development under Contract OEMsr-388 and by 
the Navy Department Bureau of Ships, under Con- 
tract NObs-34144, 
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The effect of surface states on the temperature variation of the work function of semiconductors is 
considered in this paper. In the first part the variation of the electrochemical potential is given on the 
basis of an equation due to Fowler. An attempt is made to show at what temperature a semiconductor 
becomes intrinsic. In the last part the temperature variation of the work function is considered for 
various densities of surface states and numbers of donator (or acceptor) levels. To carry this calcula- 
tion through a new expression, which is temperature dependent, is suggested for the number of elec- 
trons in the surface states. By using appropriate values obtained from experiment one is able to explain 


A. H. Smith's results. 





I. INTRODUCTION 


ECENT results'~5 indicate that the conven- 

tional statistical thermodynamic approach to 
surface phenomena*-* of semiconductors is at 
variance with experiment. Bardeen® has suggested 
that the discrepancy in the theory can be rectified by 
the introduction of surface states of high density. His 
development of the theory is not complete enough 
so that one can describe in detail the expected tem- 
perature variation of the work function. We have 
therefore attempted to develop the theory suff- 
ciently to predict these variations under conditions 
which might occur in practice. 

An energy diagram of the N-type of semicon- 
ductor is illustrated in Fig. 1. The cross hatching 
represents the topmost filled band at 0°K. AF; 
above the top of this level is the next allowed band 
which is empty at 0°K while AE, above the filled 
band are the donator levels. Except at absolute 
zero there are electrons in the upper (conduction) 
band which arise from the ionization of the donator 
levels and excitation of the electrons in the highest 
filled band. y, represents the work necessary to 
take an electron from the lowest level in the con- 
duction band to a position at rest outside of the solid. 
For our purposes we may think of ¢, as being a 
dipole layer which confines the electron to the 
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solid. This is essentially the Drude-Sommerfeld 
model which, though not strictly correct, can be 
reconciled with the modern theory of solids by 
using an effective mass for the free electron mass; 
also yg, is more than simply a dipole layer.’° p is the 
height of the electrochemical potential" (e.c.p.) 
above the filled band. 

It follows from thermodynamical arguments 
that if there is a battery between a metal and a 
semiconductor the difference in the e.c.p.’s is equal 
to the e.m.f. of the battery. As illustrated in Fig. 2, 
Smith measured such a difference by adjusting the 
e.m.f. so that an electron ejected photoelectrically 
from the metal will just be stopped before reaching 
the semiconductor. We are interested in the poten- 
tial difference between an electron at rest outside 
the semiconductor and the potential of this battery 
—i.e., the level of the e.c.p. relative to an electron 
at rest outside. Since Smith did his work at various 
temperatures, we are particularly interested in how 
this quantity will vary. The work function® (which 
to a good approximation is equal to the depth of the 
e.c.p. relative to the outside) for the model illus- 
trated in Fig. 1 is AE: —y+¢,. Measurements of the 
work function of metals indicate a small variation 
with temperature. In metals this is a result of a 
change in yg, arising from changes in the surface 
structure since changes in the e.c.p. are very small. 
For semiconductors the e.c.p. may vary with tem- 
perature, but the experimental value of the work 


Fic. 1. Conventional 
model of levels in N-type 
semiconductor. 











10F, Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), particularly Chapter 
x 


1 Following Bardeen, we shall use the expression “‘electro- 
chemical potential” in agreement with E. A. Guggenheim, 
Modern Thermodynamics by the Method of Willard Gibbs 
(Methuen and Company, Ltd., London, 1933). References 7 
and 8 use the term “partial potential.” 
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Semi-conductor. 





Fic. 2. Illustration of Smith’s experiments. 


function remains essentially constant. Bardeen’s 
explanation is to postulate electron states on the 
very surface (surface states). As illustrated in 
Fig. 3, these states will cause an additional dipole 
layer of moment, ¢/4z, which lowers (or raises) 
the levels inside the solid by ¢. If one postulates an 
appropriate number of surface states, the observed 
phenomena can be explained. 

In this paper an attempt has been made to ex- 
amine the temperature variation of the work 
function on a model similar to Bardeen’s. The 
study has been limited to a free neutral surface 
though the equations could be adapted to the case 
where there are induced charges. We hope that 
these calculations will give suggestions for future 
experimental work as well as an interpretation of 
Smith’s results. 

The conclusions reached in the paper are sum- 
marized in the final section, and the reader who 
does not want the details may omit the inter- 
mediate parts. 


II. TEMPERATURE VARIATIONS OF THE 
ELECTROCHEMICAL POTENTIAL 


Fowler (reference 7, Eq. (1137)) has obtained an 
expression for the e.c.p. of the N-type model we 
are using. He cbtains 


[deor(QarmkT)1/h* ]e-A21/*7 = [n/(Ne-AB2/eT 41) ] 
+Lw2/A][(2rmxeT)*/h*], (1) 


where the subscript 1 refers to the conduction 
(upper) band and the subscript 2 refers to the filled 
{lower) band. The following notation is used: 


the m’s are the effective masses of the electrons and the 
positive holes, 

the w’s are the statistical weights of the bands, 

n is the number of donor levels per unit volume, 

A= 

h is the Planck constant, 

k is the Boltzmann constant, and 

T is the temperature in degrees Kelvin. 


In deriving this equation, Fowler assumes that 
Boltzmann statistics apply to, the electrons in the 
conduction band and to the holes in the filled band. 
Fermi statistics, however, govern the behavior of 
the electrons in the donor levels. It is further as- 
sumed that the levels of the electron states are 
independent of temperature. This is justified for 
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Fic. 3. Effect of surface 
charge on levels of N-type 
semiconductor. 
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the non-polar crystals of interest here where the 
temperature shift is too small to measure.” 

Equation (1) gives a cubic equation which can 
readily be solved by Newton’s method.!* Over most 
of the temperature range the cubic term is neg- 
ligible. In Fig. 4 are plots of the variation of the 
e.c.p. for a semiconductor similar to silicon. In 
making the calculations, the following assumptions 
were made: AZ, =1.2 electron volts; AE2,=1.0 ev; 
the effective mass of the electrons in the conduction 
band and the effective mass of the holes in the filled 
band equal the free electron mass, and the w’s 
equal two. The value of 1.0 ev was selected for 
AE», so that the gap between the donor levels and 
the conduction band would appear on the graph; 
actually the gap is a good deal smaller. The value of 
1.2 ev for AE; is approximately the value found in 
the literature. By more carefully selecting the values 
of various parameters in the equation, the e.c.p. 
could be made to correspond more closely to an 
actual sample of silicon. This would cause only a 
small quantitative difference and was not deemed 
worth while at present. In general, 


wm! = wom! (2) 


does not hold, and the e.c.p. is not halfway between 
the filled and the conduction band even at elevated 
temperatures. At high temperatures, where the 
number of electrons from the filled band overwhelm 
the donor electrons, the first term on the right of 
Eq. (1) drops out, and one may show that, if (2) 
holds, yw is half of AE;. Since (2) does not hold in 
general, » varies with temperature by the order of 
kT, and a variation of 0:1 ev from the halfway value 
can be expected at high temperature. Our graphs 
have not been plotted carefully around absolute 
zero where there is an increase in p. 

One may say that the semiconductor becomes 
intrinsic when the donor term (first term on the 
right in Eq. (1)) does not affect the value of u. 
In this region, for our sample, »=0.6 ev. One may 
show, by direct substitution into standard equa- 
tions,’ that in this region the number of conducting 
electrons caused by jumps from the filled band 
overwhelms (ratio of 3 to 1 or larger) the number 
from the donors. Figure 4 shows that a reasonably 


22 A, Radkowsky, Phys. Rev. 73, 749 (1948). 

18H. Margenau and G. M. Murphy, The Mathematics of 
Physics and Chemistry (D..Van Nostrand Company, Inc., 
New York, 1943), p. 477. 
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WORK FUNCTION OF SEMICONDUCTORS 


pure sample (10 donors per cm*) becomes in- 
trinsic at about 1200°K, while for a sample of low 
purity the transition point between N-type and 
intrinsic occurs at a temperature well beyond the 
melting point. This latter situation corresponds 
more closely to the samples Smith used, so that 
one would not expect a change of about AE;/2 with 
temperature for the work function of silicon but 
about half that amount. This variation is several 
tenths of an ev, an amount larger than the experi- 
mental error. 

Once the variation of e.c.p. is known, one may 
readily calculate the number of electrons in the 
conduction band. Such a calculation léads to 
curves similar to conductivity vs. temperature 
graphs and will not be reproduced here. 

In Fig. 5, e.c.p. is plotted against temperature 
for a semiconductor similar to germanium. In this 
case AE; =AE,=0.75 ev, while the other param- 
eters have the same values as in the previous case. 
The number of electrons in the conduction band 
at 1000°K is smaller by about a factor of ten than 
the value obtained for germanium by Johnson” 
from experimental data. The discrepancy is not 
surprising in view of the arbitrary values for AFi, 
the m’s, and the w’s. 

If there are no surface effects, then, we should 
expect a variation of work function with tempera- 
ture large enough to have been observable in the 
experiments of Smith. Since no variation occurred, 
one must consider the effect of surface states. 


Il. MECHANISM OF FORMING A DIPOLE LAYER 


If negative charges are accumulated on the 
surface of the semiconductor, there will be a rise 
in potential energy per electron at the surface, as 
illustrated in Fig. 3. This rise causes a redistribution 
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Fic, 4. Electrochemical potential versus temperature for semi- 
conductor similar to silicon. 


4 V. A. Johnson, Phys. Rev. 74, 1255 (1948). 
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Fic. 5. Electrochemical potential versus temperature for semi- 
conductor similar to germanium. 


of the negative electrons and the positive holes so 
that there may be a net charge in the potential 
layer. This does not include the trapped electrons 
in the surface states. If there is no induction, the 
net charge on the body will be zero, so that the 
charge accumulated in the surface states is balanced 
by the charge in the potential layer. We shall not 
consider the effect of the induced charges although 
our method could readily be extended to include 
those cases. We shall talk about electrons being 
accumulated on the surface, but there is no reason 
(at the present condition of our knowledge of 
surface states) why positive charges could not 
accumulate on the surface. Our equations can easily 
be adapted to this situation. 

The surface states cause an additional dipole 
layer which the electrons must overcome to get out 
(or get in) to the semiconductor. Referring to Fig. 3, 
the work function is given by ¢,+¢+Ai—un. 

To calculate gy, we shall consider the case of a 
semi-infinite crystal, which for convenience will be 
divided into two parts by a plane parallel to the 
crystal’s surface. The plane may be thought of as 
passing through the arrow in Fig. 3 at right angles 
to the plane of the paper. We have, therefore, two 
thermodynamic systems in equilibrium, which 
means that their e.c.p.’s are equal. u» for the body 
of the crystal—right in the figure—is given by 
Fowler’s equation. The e.c.p. for the surface— 
left part—must be calculated from the condition 
that there is no net accumulation of charge. If N_ 
is the number of electrons or filled acceptor levels, 
in the potential layer, NV, the number of holes or 
vacant donor levels, and N, the number of elec- 
trons in the surface states, then 


N,—-N_=N,. (3) 


The N’s depend on ¢ and the e.c.p. Thus Eq. (3) 
gives a relation between y» and ¢, but since yp is 
known from Eq. (1) the above relation gives us a 
means of determining ¢. 

‘ To use (3) one must have a model of the semi- 
conductor so as to relate the N’s to the e.c.p. of 
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Fic. 6a. ‘Work function” against AV, for semiconductor 
similar to silicon (NV type); 2=10!7 cm, N=10" cm~, 


the surface and g. Fortunately, models can be 
obtained which give fairly simple equations. While 
these models are not free from some objections, the 
authors believe that they are satisfactory for this 
study. We shall now consider the case when there is 
a negligible number of holes in the filled band and 
the fraction of time which the electrons spend in 
the donar levels is small—i.e., the donors are 
ionized. This is a Schottky exhaustion layer and 
represents the condition in N-type silicon and 
germanium at intermediate temperatures. The next 
section will consider the case where the number of 
electrons from the filled band completely over- 
whelms the number from the donor levels, so that 
the effect of the donor electrons on the potential 
can be disregarded. This corresponds to high 
temperatures, i.e., 1250°K, in silicon for 2=10" per 
cm’ and 1000°K in germanium (same 7). 


IV. INTERMEDIATE TEMPERATURE— 
SCHOTTKY LAYER 


At room temperature and somewhat above, the 
conductivity of N-type silicon and germanium is 
due to the fact that the donor levels lose their 
electrons to the conduction band. What actually 
happens statistically is that the conduction band 
has a much higher statistical weight than the donor 
levels, and the factor exp—(AE,—AE»)/kT is not 
too small, so that the electrons spend most of their 
time in the conduction band. As stated, for sim- 
plicity we shall assume that the donor levels are 
completely ionized and neglect the very small 
contribution from the filled band. We make the 
further assumption that the donor levels are uni- 
formly distributed throughout the volume. This 
last point has been investigated by Schottky for 
selenium and by Becker for copper oxide.!® The 

*S. J. Angello, The Theory of Semiconductor Rectifiers 
(Westinghouse Research Laboratories, Scientific Paper No. 
1251, East Pittsburgh, Pa., 1946). This is an excellent sum- 
mary of the theory and experiments to 1946. Subsequently it 
was found necessary to introduce the assumption of surface 
states. The original paper of W. Schottky is found in Zeits. f, 


Physik 118, 539 (1942), while Becker’s work was communi- 
cated privately to Dr. Angello. 
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evidence is that the uniformity can be justified for 
selenium but not for copper oxide. 

On these assumptions the net number of charged 
particles per cm’ (number of positive minus the 
number of negative) is 


n—ne~ Vk? 


where V is the potential energy of the electron 
relative to the conduction band. (V=0 at large 
distances from the surface.) The first term repre- 
sents the number of donor centers which are as- 
sumed fixed in the lattice and uninfluenced by the 
potential hill. We assume that the donor levels 
diffuse at a negligibly slow rate even though they 
are not in thermal equilibrium.’*® The second term 
in the equation above assumes that the electrons 
which obey Boltzmann statistics are in thermal 
equilibrium with the potential. When V=0O there 
will be no net charge density. For the equilibrium 
condition one would expect Poisson’s equation 
to hold, or 


@V/dx? =(4re*n/x |[1—e-" "7 ], (4) 


where «x is the static dielectric constant. The net 
number of charged particles per cm? in the layer is 


[eae (e/4ne) f . (d? V /dx*)dx 
0 0 


= —(x/4me*)(dV/dx)en0, (5) 


where v(x)dx is the net number per cm? of positive 
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Fic. 6b. “Work function” against AV, for semiconductor 
similar to silicon (N type); »=10!7 cm-*, N=10" cm, 


16 The assumption bears further consideration. If a surface 
of a semiconductor stays at the same temperature for a mag 
time, it is quite possible that the donors will diffuse. A. V. 
Joffe, J. Phys. U.S.S.R. 10, 49 (1946), has noticed changes of 
the work function with time in some semiconductors. One 
could develop a theory on the assumption that donors diffuse 
as well as the electrons. 
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charges in the element dx at x (x=0 at surface) 
and the gradient of V is evaluated at the semi- 
conductor boundary. Equation (5) was obtained by 
the use of Poisson’s equation and the assumption 
that dV/dx=0 where v(x) =0, ie., V=0. Return- 
ing to (4), we can solve for the gradient and ob- 
tain an expression for the net number of charges 
per cm? in the potential layer, namely: 


N,—N_=+£(«n/2ne)'[p—kT(1—<-#/*7)}. (6) 


The positive sign goes with positive values of ¢. 
This derivation is in no way restricted to positive 
y’s. For negative g’s one gets an excess number of 
electrons in the potential layer, and from physical 
reasoning one can see that one should use the 
negative sign. The double sign appears because one 
has to take a square root after integrating Eq. (4). 
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Fic. 6c. “Work function’ against AV, for semiconductor 
similar to silicon (P type); »=10!7 cm=, N=10"% cm™. 


An equation similar to (6) appears in the litera- 
ture,” but the drift of the electron (second term 
on the right in Eq. (4)) is not considered there. 
This omission is clearly justified when kT is small 
compared to a positive ¢. 

Before solving (3) we must obtain an expression 
N,. The reason for not using Bardeen’s expression 
is that it has no temperature dependence. Here, as 
far as the authors know, there is little to be used 
as a guide. Attempts have been made to calculate 
wave functions of surface states by Shockley'® 
and others, but Shockley!® doubts that there is 
much direct connection between the states he 
calculated and the ones which play an important 
role in the surface effects of semiconductors. In- 
tuitively one would be led to believe that the 


trapped electrons could be represented by two- 


17 Reference 6, p. 174. 
18 W, Shockley, Phys. Rev. 56, 317 (1939). 
19 Private communication to the authors. 
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Fic. 6d. “Work function” against AV, for semiconductor 
similar to silicon (N type); »=10! cm-*, N=10" cm=~. 


dimensional Bloch functions on the surface. In the 
third direction, at right angles to the surface, it 
can be imagined that the wave function is damped 
as one proceeds in both directions from the surface. 
Also, most probably there are surface states asso- 
ciated with imperfections in the surface of foreign 
atoms. We have simplified this picture by assuming 

that an electron trapped in one of these states is on | 
the very surface. This is clearly only approxi- 
mately true. Further, we assume that all the levels 
are of nearly the same energy. There seems to be 
no reason why positive charges cannot accumulate 
on the surface. We therefore assume that if the 
levels are half full there is no charge; if less than 
half, there is a positive charge; if more, a negative 
charge. Mathematically, this can be put in the 
form 





2 
-| -1]y, (7) 
1+-exp(AE,+ g—AV,—p)/kT 


where N is the number of electrons that have to be 
captured in order to have no charge and AY, is the 
position of the surface states relative to the con- 
duction band. The first term on the right is just 
the number of electrons in the surface states on our 
model, while the second term appears since we 
require that the state be half-filled to have no net 
surface charge. The surface states are roughly sym- 
metric with respect to the accumulation of positive 
and negative charges. When the levels are near the 
e.c.p. Equation (7) gives states similar to the ones 
assumed by Bardeen, since when AEi+¢—AV, 
—p<kT, 


N.=(—N/2kT)(AEi+¢—AV.—p4). (7a) 


These states are more dense about the e.c.p. but 
are soon saturated. The expression was concocted 
so that the surface states have some reasonable 
temperature dependence. 
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Combining Eqs. (3), (6), and (7) we obtain a 
relation between p and ¢ once the other parameters 
are fixed. », however, is given by (1) -_ we have 
the desired solution for ¢. 

Unfortunately, two parameters in (7) are un- 
known, N and AV,. One may estimate N within 
limits from various experiments on silicon? and 
germanium‘ to be of the order of 10!* per cm? or 
several orders of magnitude higher, depending on 
the treatment of the surface. If one assumes two 
surface states per atom, WN should be about 10!5 cm~? 
for silicon. Using fixed values for N we have plotted 
the work function, to an additive constant g,, 
against AV, for several temperatures. Some of these 
graphs are shown in Fig. 6 for silicon and in Fig. 7 
for germanium. The curves for the P-type semi- 
conductor are obtained from equations very 
similar to the ones for N-type will not be explicitly 
given. The values of the «’s were 25 for silicon and 
15 for germanium.”° 

The use of Eq. (4) must be justified, of course. 
We must be sure that the donors are almost all 
ionized and that there is a negligible number of 
holes. For silicon with »=10" cm’ at 500°K and 
750°K there are, respectively, 6.510% and 
8.210'* conduction electrons per cm’ for our 
model but only 10'° and 10'* holes per cm’ in the 
filled band. Had we used a value of AZ, closer to 
AE), the first set of figures would have been closer 
to 10". This means that the donor levels are almost 
completely ionized. Becatisse of the rise in potential, 
as we shall see in the next section, there will be a 
slight accumulation of holes in the potential layer. 
To use Eq. (4) we must require that n,e*/*¥?<n, 
where m, is the number of holes per cm*. For 
T=750°K and g=0.3 ev, nm ,e*/tT=10" per cm’. 
This means that for this case we must require that 
¢g<0.3 ev. At 1250°K, on the other hand, there 


20 These constants are not too well known. The value used 
for silicon may be somewhat too large. The interpretation of 
our calculations does not depend on the values used for the 
dielectric constants. 
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are 8.310" electrons per cm® in the conduction 
band under the same condition, so that about 
7X10” per cm* come from the filled band. The 
method developed here will not hold for this 
temperature. 


V. HIGH TEMPERATURE POTENTIAL LAYER 


If there is a potential hill, there will be a tendency 
for the electrons to diffuse away from it while the 
holes will diffuse towards it. The final results will 
be a Boltzmann distribution of the electrons and 
the holes. Since we shall ignore the donors in this 
case, we have with the use of Poisson’s equation 


PV de? = (4me?ny/x) (eV? —e-VIET), (8) 


where ™; is the number of electrons per cm? in the 
conduction band for V=0. This gives for dV/dx 
at x=0, V=g, 

dV /dx = +(8me?mkT/x)*Lee!2#T —e-e/2kT], (8a) 


where the additional condition V=0, dV/dx=0 
has been used. Combining the expression with 
Eq. (5) we obtain “ 

Ny—N_= 2(xmskT/2re?)4[ €?/#T — e-0/%kT], (9) 


The number of electrons and holes is given by the 
standard expression (Fowler’s reference 7, Eq. 
(1133)), where we replace the effective electron 
mass by the free mass, 


n= [ w(2rmk T) 1/N? ]—e—4E1—») eT | 


or finally . 
Ns —N_=(wxkT/2me*)*[(2amkT)#/h¥] 
x [ee/kr = — 9 /2kT) e—(4Ei—p) /2kT (9a) 


Combining Eqs. (3), (7), and (9) we obtain a rela- 
tion between y, NV, and AV,. In this case yu is just 
34F,, corresponding to the graphs for the highest 
temperature in Figs. 6 and 7. The only exception 


is the case for silicon, with »=10"® per cm*. Here | 


the equations developed in the previous section 
hold. 

Equation (8) assumes that the charge per unit 
volume caused by the diffusion of the electrons 
and the holes is much larger than the charge caused 
by the ionization of the donor levels. If V=).05 ev, 
the diffusion charge density obtained from Eq. (8) 
is 8X10" per cm* at T=1250°K for n=0.6 ev, 
which is considerably larger than 10!” per cm*. 
For much smaller values of V, one is not justified 
to use Eq. (8) for it neglects the ionized donors 
and their electrons. If ¢ is bigger than 0.05 ev, 
there can be little doubt that the equations derived 
in this section are good approximations. 

One may readily integrate Eq. (8a) once more 
and obtain an expression for V itself. This is done 
in the appendix to this paper where this type of 
potential is more fully discussed. 
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WORK FUNCTION OF SEMICONDUCTORS 


VI. SUMMARY OF THE CALCULATIONS 
AND CONCLUSION 


Figures 6 and 7 show plots of the work functions 
(to an additive constant ¢,) vs. AV,, the assumed 
depth of the discrete surface states level below the 
conduction band. In Fig. 6a it is assumed that the 
density of the donors is 10!” per cm’, while the num- 
ber of surface states (2V) is 2X 10" per cm? of surface. 
For the two lower temperatures, 500°K and 750°K, 
the potential hill was a Schottky exhaustion layer, 
while at the higher temperature, 1250°K, a diffu- 
sion potential layer was assumed. The graphs show 
that the work function is roughly independent of 
the position of the surface states. Physically this 
means that the charge that can accumulate on the 
surface will not cause an appreciable effect. Had 
Smith performed his experiments on such a sample, 
he would have observed a change of about 0.15 ev 
when cooling from 1250°K to 750°K and about 
0.2 ev if he continued to cool down to 500°K. 
This would have been detected. 

In Fig. 6b we considered the case where n=10"" 
per cm* but N=10" per cm?. The method of ob- 
taining these curves was the same as for Fig. 6a. 
The graphs obtained in this way are considerably 
different from the previous one since we have a 
different physical situation. If the surface states 
were 1.2 ev below the conduction band, the work 
function would decrease by about 0.2 ev when the 
temperature dropped from about 1250°K to 750°K. 
Further cooling, however, will cause little effect 
on the work function. By arbitrarily selecting AV, 
to lie in the range between 0.4 ev and 0.8 ev, the 
net change in the work function can be made less 
than 0.05 ev. The arrows indicate the limit of the 
validity of the calculations because of the diffusion 
of holes. 

Figure 6c is similar to Fig. 6b in that the same 
values of m and N were used, but this graph is for a 
P-type conductor. The acceptor levels are 0.2 ev 
above the full band. Since the equations have to be 
modified very slightly, we shall not develop the 
specific equations used. The same general conclu- 
sions hold here as in the previous case, Fig. 6b. 
A comparison of the two last sets of graphs shows 
that, if g, does not change from N-type to P-type 
conductor, the work function will be almost the 
same. Of course, we are assuming the specific 
values of and N in making this statement. It 
would not hold for case 6a. This is in agreement 
with Bardeen’s theory and the experiments of 
Brattain and Shockley. The final graph of silicon 
is shown in Fig. 6d. Here n»=10!* per cm’, and NV 
is 10!8 per cm?. Since is higher than previously 
at all three temperatures, Schottky exhaustion 
layers must be used. At 7=1250°K, the number of 
holes in the conduction band is only 10" per cm*com- 
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pared to 10!* per cm*. This means that the effect 
of the holes is negligible unless y» becomes larger 
than about. 0.4 ev. There is a small change in the 
work function from T=750°K to 1250°K, but 
this is much smaller than one would expect from 
Fig. 4. 

Figure 7 gives a similar set of graphs for ger- 
manium. At lower temperature the Schottky ex- 
haustion layer method was used, while at the 
higher temperature the diffusion potential layer 
was employed. For 300°K the number of holes in 
the filled band was 10° per cm? while at 1000°K 
the number of conducting electrons was 2X 10% per 
cm*, Conductivity experiments on germanium‘ sug- 
gest that JV is of the order of 10'* per cm? while AV, 
is about the size of AF}. 

If calculations were made for higher densities of 
surface states, the difference between the curves 
for various temperatures would disappear. At 
n=10'7 per cm the temperature difference would 
practically vanish for N=10'* per cm*. From an 
examination of the equations, one sees that the 
value of NV, where the curves converge, is affected 
by the value of . Thus, for »=10!* per cm’, NV 
should be 10!5 per cm*, though the variation for 
N=10" per cm* would be small, and the maximum 
variation to be expected (any value of AV,) for 
N=10" per cm* should be less than 0.2 ev. Since 
Brattain and Shockley conclude that the surface 
density is 10% per cm? or higher for silicon and 
since there is no reason to believe that AV, should 
take extreme values, one would expect from these 
calculations that the variation in the work func- 
tion of these semiconductors is very small. This is 
in complete agreement with the work of Smith. 
For the case of germanium if ” were larger than 
10” per cm', it is possible that there would be a 
measurable temperature change in the work func- 
tion, since, from the experiments of Brattain and 
Bardeen, one must conclude that AV, has an ex- 
treme value. This point has not been fully explored 
because the exact value of m for the samples used 
by Smith is unknown. It is quite possible that one 
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Fic. 8. Diffusion layer of a semiconductor similar to silicon at 
1250°K (for meaning of arrows see Appendix). 
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should consider here the diffusion of electrons and 
holes, plus the effect of donors. 

The question remains as to whether or not the 
samples used by Smith in his work really come to 
an equilibrium, if the average time for an electron 
to jump from a surface state to the conduction 
band is assumed to be given by”! 


10- exp(+AV,/kT). 


Thus the time required at 500°K for the electron to 
jump is 10 sec. for an extreme value of AV,—.e., 
AV,=1.2 ev while it takes only 10-7 sec. for AV, 
=0.6 ev. This implies that the time to attain 
equilibrium is very short at a temperature of 500°K 
and above. 

While our calculations are not based on a model 
free from objection, we would be surprised if the 
analysis of a more refined model led ta radically 
different conclusions. 

The authors would like to thank the U. S. Navy 
(Bureau of Ships) for support during this work. 
Thanks are also due Professor F. Seitz and Dr. 
W. Shockley for discussing various phases of this 
problem with us and to Mr. A. Lemonick for 
assistance in the calculations. 


APPENDIX 


We should like to examine the diffusion layer in 
more detail in this appendix. The differential equa- 
tion for the potential energy of an electron in the 
layer is given by Eq. (8a) of the text, namely: 


dV /dx =akT[ eV? — eV /2kr 7, 
where we have set 
a=(1/kT)[8xe*mskT/« }}. 


With the substitution y=e"/*? and some algebra 
we obtain 


(Al) 


ax=2S[dy/(y*-1)]+C. —° (A2) 


This gives, with the use of a standard integration 
formula, 


gen (1/F)[(e"F4-1)/(eV*F—1)], (A3) 
where 
F=(e?/#?+4-1)/(¢e/2kT—1), (A4) 


To obtain Eq. (A3) we have used the boundary 
condition that at x=0, V=g. The equation says 
that V approaches zero asymptotically; actually, 
however, V differs from zero only by a very small 


*1 This is the expression for the jump time of a lattice defect 
—see reference 6, p. 33 or p. 130. A similar argument can be 
used in this case. Admittedly this éxpression is not on too 
firm a foundation in this case. For one thing, it is based 
entirely on Boltzmann statistics, and it does not Consider the 
statistical weights of the levels. The expression probably gives 
a rough order of magnitude. Certainly it would be very 
desirable to know from experiment that the samples are in 
thermal equilibrium. 
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amount within a few hundred angstroms of the 
surface. Using the above expressions, we may find 
an alternate way to calculate the number of elec. 
trons and holes in the diffusion layer. From (A3) 


we have 
eV /2kT — Fest—]/Fe*+1, (AS) 


or the total number of electrons between X =L and 
x=0 is given by 


N(L)=m f { (Fee? —1)/(Fet*-4+1)}%dx. (AS) 


This leads to a simple integration if one uses the 
substitution z= e* and gives for N_ 


N_= —[4m,/a(F+1)]+nL+é6_(L), (A7a) 


where 6_(L) equals approximately 4m,e—*”/a and 
can be made as small as we please by increasing L, 
For instance, for silicon 6_(10-* cm) equals 10" 
while 6_(10-* cm) equals 10-* for g=1 ev. In 
exactly the same manner, NV, can be calculated and 
gives 


N+=[4m:/a(F—1)]+nL+6,(Z). (A7b) 


The difference between the two is 
N,—N_=8nF/a(F?—1), (A8) 


where we have neglected the 6’s. This is the same 
equation as the one found in the text Eq. (9), ob- 
tained by a simpler and more direct method. This 
can be shown by substitution back for F. 

In Fig. 8 we have plotted V against x for silicon 
(using the same parameters as in the text). The 
most striking feature of this type of potential layer 
is its Shallow depth. For 1 ev the layer depth is 
approximately 50 angstroms; however, the most 
important part is much smaller. NV.—N_ increases 
exponentially, as can be seen from Eq. (9), so that 
half of N,—N_ occurs within 2A from the surface 
for ¢=1.0 ev (shown by the arrow); within 20A 
for ¢=0.5 ev; and within 40A for g=0.3 ev. This 
should be contrasted with the depth of the Schottky 
exhaustion layer, about 2000A for 2 = 10!” cm— and 
ow... 

In view of the shallowness of the diffusion layer, 
one may question the method used to derive the 
various relations. The two most important effects 
neglected are: 


1. The atomic structure.—At the surface of the 
crystal there are undoubtedly distortions which 
would modify the electron wave function very 
near the surface. Since the region where these 
distortions occur is very important for the diffu- 
sion layer, it should be taken into account in 
detail. 

2. The image force.—Near the surface an elec- 
tron in the semiconductor will see its image in 
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the adjoining medium. When the electron is near 
the surface one is not allowed to smooth out the 
charge and consider that we have a uniform layer 
of charge. The reason for this is that the electron 
or the hole sees its image in the adjoining me- 
dium and the image follows the detailed motion 
of the particle. This effect will cause a raising or 
a lowering of the potential of 0.1 ev at a distance 
of 1A° from the surface. If the adjoining medium 
is a dielectric of lower x, as in the case of silicon 
and air, the image charge will have the same sign 
as the charged particle.” 


For these two reasons one cannot rely completely 
on the derivation just given when ¢ is larger than 
%M. Abraham and R. Becker, The Classical Theory of 


Electricity and Magnetism (Blackie and Son, Limited, London, 
1937), p. 76. 
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0.5 ev. Most probably the equations are correct 
to within an order of magnitude but should not be 
trusted further. For g¢=0.3 ev or less, the surface 
effects are not so important:and the theory should 
be fairly reliable. Most fortunately, the maximum 
value of g we used for the diffusion layer in the case 
of silicon is less than 0.3 ev, and only one point is 
greater than this value for germanium. 

Since the potential layer is very thin, tunneling 
effects can be very important. This would be true of 
a semiconductor metal junction. For the experi- 
ments of Smith this does not play a major role, 
since there is a large gap between the two surfaces 
which creates a large potential barrier between the 
conduction band of the metal and the semicon- 
ductor. 
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The study of the change of the Schroedinger wave func- 
tionals on space-like surfaces as the surface changes is formu- 
lated simply. In this formulation, we let S be any space-like 
surface with the curvilinear coordinates u, introduce (q(u)S|) 
as the Schroedinger functional on it, with the nature of the 
functions g(u) not specified for the moment, and write the 
Schroedinger equation as 


hi{(q(u), S’|)—(g(u), S|} =J(q(u), SI), (1) 


where S’ is a surface slightly different from S, and J is an oper- 
ator operating on g(u) and depending on S, S’, and the choice of 
their coordinates u. Obviously, the only nécessary conditions 
for J is that J is Hermitian and that (1) is integrable. To get a 
theory resembling the existing ones, we require further that 


1, INTRODUCTION 


QUANTUM theory of fields was given by 

Heisenberg and Pauli! as early as 1929. The 
theory given by them was completely apart from 
one aspect, i.e., there was no investigation of the 
transformation between the wave functionals for 
two different Lorentz observers. It is obvious, 
though never pointed out explicitly in the literature, 
that the operator transforming the Schroedinger 
functional for one Lorentz-frame to that for another 
must be related to the integral over space of the 
uv4 component of the angular momentum tensor 
My». It is also obvious that as the Schroedinger 
functionals form a representation basis of a repre- 


1 W. Pauli and W. Heisenberg, Zeits. f. Physik 56, 1 (1929), 


if we construct the expectation value of a certain field quan- 
tity at a point P from (q(u), S|), S being a surface passing 
through P, the expectation value is independent of choice of S 
and its coordinates u, and satisfies certain differential equa- 
tions. 

When these differential equations follow from a Langrangian 
principle, an expression for J was effectively given by Weiss. 
His work is given here in a complete form and the proof of the 
satisfaction of all requirements completed. 

Finally, by a simple transformation on the wave functions 
and the observables, we deduce from the Weiss’s formalism 
the Tomonaga’s formalism. As a consequence, it is pointed 
out that the Tomonaga’s formalism will encounter essen- 
tially the same difficulties as the orthodox Heisenberg-Pauli 
formalism. 


sentation of the homogeneous and the inhomo- 
geneous Lorentz group, these operators together 
with the space integral of the u4 component of the 
energy momentum tensor 7,, must satisfy certain 
well-known commutation laws. 

Recently, Dirac introduced the study of the 
Schroedinger wave functionals on any arbitrary 
space-like surface.? He introduced certain deforma- 
tion operators to describe the deformation of the 
surfaces and studied their commutation laws. 
Though the theory is the most general quantum 
mechanics of localizable dynamical systems and can 
be employed to check whether any given theory is 
relativistic, the explicit construction of the operators 


2p, A. M. Dirac, Phys. Rev. 73, 1092 (1948), 
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II corresponding to a given parametrization of the 


surface, and the operators P corresponding to a 


given dynamical system is not simple work. A 
simpler and equivalent formulation of Dirac’s work 
is as follows. 

Let S be any space-like surface, (u1, u2, u3) any 
arbitrary set of curvilinear coordinates on the 
surface, so that on the surface, we have 


(1) 


Now let us introduce the Schroedinger wave func- 
tional Y, which depends on S and its coordinate 
system wu (i.e., is a functional of the functions 
b,(u1, U2, %3)), and is further a functional of certain 
functions g(u) whose nature we shall not specify 
at the moment. Such a functional may be considered 
as a vector depending on b,(u) with components (or 
coordinates) labelled by functions g(u), and will be 
denoted by 


Xu = b,(u1, U2, U3). 


(q(u) ; bu(ae) | ). (2) 
In a deformation of S to S’ given by 
Xp = d,'(u) =b,(u) +Ax,(u), 
the corresponding change in W is defined by 
AW = (q(u) ; b,’(u)|)— (q(u) ; by(2) | ). 
Obviously, we must introduce an equation 


MAV=JY, 


(3) 


(5) 


where J is an operator operating on the coordinates 
q(u) of Y and may be looked upon as a matrix with 
both rows and columns labelled by functions q(u). 
Obviously, (i) Eq. (5) considered as a total differen- 
tial equation for Y must be integrable. This con- 
dition replaces the study of the Poisson brackets 
between the operators II’s and P’s in Dirac’s paper. 
(ii) J must be Hermitian, so that the length of ¥ does 
not change. As W is a functional, its length can be 
best pictured by first letting (u1, u2, us) take discrete 
values (ma, m2a,m;a) only, (m1, m2,m;=0, +1, 
+2, ---) so that the square of the length is 


f dq(u’) f dq(u!’)++|(q(u"), q(t’), «++ 3 
bu(u’), b(u’’), os 1)1?, 


(6) 


where u’,u’’,--- denote the different discrete 
values of (u1, %2, us), and then passing to the limit 
a—0. 

The above gives us rules for the determination of 
WV, but to get a physically sensible theory, we must 
construct expressions for the different ‘‘expecta- 
tion values” in the state V. For this purpose, let us 
consider any given point P with coordinates x,, 
draw a space-like surface S passing through P, 
introduce a coordinate system u on the surface so 


(4) . 
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that x,=6,(u) on it, and assume 


J dq(u') f dg(u'')«++\q(u"), a(a!), «= 3 
bu(u"), by(te”), «+ [)]2qae9) (1) 


divided by the length (6) be the expectation value 
of a certain field quantity q(x) at P, up in (7) being 
the u-coordinates of P on this surface S. Under this 
assumption, we naturally expect (iii) the expecta- 
tion value given by (7) divided by (6) is independent 
of the choice of S and that of the coordinate system 
u on S, and (iv) the expectation value will satisfy 
certain differential equations, known as the field 
equations for g(x). The last two conditions are not 
absolutely necessary, they may be discarded or 
replaced by similar ones, but their satisfaction will 
bring the present theory very close to the usual 
field theory of Heisenberg and Pauli. 

For fields g(x) whose field equations are deduced 
from the variation of a Lagrangian, an equation of 
the same nature as Eq. (5) was given some time 
ago by Weiss.* Unfortunately he has effectively only 
considered a one-parameter family of surfaces and 
thus we do not have the requirements (i) and (iii). 
In §2 we shall extend his work to general deforma- 
tions of surfaces and point out that all conditions 
mentioned above are satisfied. We shall only indi- 
cate how the proof of the integrability is carried 
out and leave out all mathematical details. 

The restriction to fields satisfying the Lagrangian 
principle is a serigus one, though this does not 
exclude us from considering any of the existing 
fields in quantum mechanics. At the same time, it 
is difficult to see how one can get rid of the La- 
grangian principle. As soon as one has the Schroe- 
dinger equation, ‘ 

hi(dv/dt) =H, 


one has the Heisenberg equation of motion, 
df/dt= — (hi) LH, f]. (8) 


If H contains only operators g and 0/dq, (8) are the 
classical Hamiltonian equations of motion, and 
these are derivable from a Lagrangian. 

In the last section (§3), we show that it is pos- 
sible to get from our Eq. (5) Tomonaga’s formalism! 
by a simple transformation. The result obtained 
here is slightly more general than the original 
Tomonaga’s formalism which does not allow points 
on the surface S to interact. The possibility of 
obtaining Tomonaga’s formalism from the Weiss’s 
formalism implies that the Tomonaga’s formalism 
will encounter essentially the same difficulties as 
the orthodox Heisenberg-Pauli formalism and will 
not give us anything essentially now. 


3’ P, Weiss, Proc. Roy. Soc. A156, 192 (1936). 
4S. Tomonaga, Prog. Theoretical Phys. 1, 27 (1946). 














2. THE THEORY OF WEISS IN COMPLETE FORM 


Let x, be (x, y, 2, ict) as usual, and let g* be the 
field quantities. Let g,* denote dq*/dx, and let g* 
satisfy equations obtained from the variation of a 
Lagrangian L. We have thus 














alue aL /aq*—8/dx,(dL/dqu%) = 0. (9) 
— Let us introduce 

this 

cta- OX, OX, OXe 

lent Nz = Evpdu ere (10) 
tem Ou, OuUs OUu3 





where €,e, is plus or minus one according to whether 
ypdu is an even or odd permutation of 1 2 3 4 and 
is zero otherwise. Let us introduce 








"" pa=N,(0L/0q,"), (11) 
sua 

Gy=LNy— Lb ade", (12) 
ced 
1 of qe" = Qu*(OX,/dU,) ° (13) 





Then, following the spirit of Weiss’s method, we let 
J in (5) be 






ne i f duydu2du;(G,Ax,), (14) 
ons 
di- 
ied where G, are functions G,(q, gr, P, OX,/OUr) > of 





















and q, gr, p are operators satisfying 
6 

I), } (15) 

p(us)(q’(u); |)=h5(q'(u); |)/5q'(us), 
Weiss’s original formulation, since we do not restrict 
(14), we calculate by means of (5), (14), the change 
by (u) =b,(u)+Arx,(u)+Axx,(u) (16) 
by (u) =b,(u) +Arx,(u), (17) 
by (u) = dy (u) + Asx,(u), (18) 

5 We drop the suffix a. 


q, Ir P, 9X,/Au, as given by (10), (11), (12), (13) 
g(u*)(q’(u); |)=g'(us)<q'(u); |), 
gx(ut)(q’(u); | )=(Aq'(u*)du,*)(q’(u) ; 
u* being a given value of u. The form (14) for J is 
s slightly more general than the corresponding one in 
ourselves to a one-parameter family of surfaces. 
To prove the integrability of (5) with J given by 
AY of WV as the functions }, change from initial 
values b,(u) to the final values 
in two ways, one by letting b,(u) pass through the 
intermediate functions 
and the other by letting b,(u) pass through the 
intermediate functions 
and compare the two results for AV to the second 
order in Aix,, Aox,. Let us say that their difference 
6 Equation (15) restricts us to Einstein-Bose fields, but this 
restriction is really not essential. 
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is BY® where Y® is the initial wave function. 
Equation (5) is integrable if By =0. 

Let us consider the Hamilton-Jacobi equation 
from the Lagrangian L, which is 


sr am, 
a= fe(a —)du. 


du, 5q(u) Ou, 
(du=dujduedus) (19) 
This is always integrable provided that the field 
equations are consistent and admit solutions, and 
the solution J(g(u), b4(u)) of (19) is 


oq 





, L(Q, Qu)dx1dxedx3dx4, (20) 


where the integral extends over a volume bounded 
by two space like parametrized surfaces, 5, and 
b,, and the surfaces at infinity, g and q,, in L satisfy 
the field equations, and the whole integral is con- 
sidered as a functional of b,© and 0d, and the func- 
tions g®)(u) and g(u), which are the values g, take 
on the surfaces. From (19), we calculate the change 
AI of I as b, changes from b, to 6, in the above 
two ways, and the difference of these two Al’s 
must be zero, since (19) is integrable. It can be 
easily verified that this difference is precisely B 
if we replace p contained in B by 6I/éq(u), 
I®) being the value of J on the surface }. Thus 
BY)=0 and the integrability of (5) is proved.’ 

It is possible to verify directly that the operator 
B is zero, but the direct verification will be left out. 
The above proof indicates incidentally what 
changes in the formalisms are necessary for Fermi- 
Dirac fields. 

The other requirements are easily seen to be 
satisfied. For (ii) we note that the Hermitian 
character of J can be ensured with a proper choice 
of the Lagrangian. For (iii), let us first consider two 
surfaces passing through the same point P with up 
taking the same value on them. Thus 


Ax,=0 at u=up. (21) 
The Heisenberg equations of motion, 
(Ag) (u) = —(ht)*LJ, g(u) J. (22) 


gives us immediately Ag=0. Next we consider a 
change of parameters from u to some new param- 
eters, say v. If a change of parametrization is con- 
sidered as a change of b,(u), we may employ (22) 
again and we prove readily that there is no change 
of g at the point P as this b, changes. Finally, (iv) 
must be satisfied, as it must be in a Weiss theory. 


7 That the integrability of (5) may follow from that of (19) 
is learned by the author from Professor Dirac. 
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3. TOMONAGA’S FORMALISM 


Another study of the change of Schroedinger 
wave functionals on space-like surfaces was given 
by Tomonaga and has been found useful in formu- 
lating a relativistic quantum electrodynamics.’ Let 
us see if this formalism can be obtained from our 
formulation (5). 

Let us consider for definiteness only electrons and 
the Maxwell field. Then 


Gu=G,°+eG,!, (23) 


where both G,° and G,' do not contain the charge 
constant e. Let @, G' denote /G,°Ax,du and 
SG,Ax,du, and let us write the wave functions 
(q; b|) as (q|5). Obviously, the equation 


hAv =@v (24) 


is integrable and the solution may be written in the 
form 


(q(u) |b) = (g(u) | R(bbo) | bo), (25) 


where bo is any given } and R is an unitary operator. 
With respect to variations Ax, of b, we have 


hAR= ( f G,anydu)R, 


and with respect to variations Ax, of bo, we have 


hA(R-) = ( f Gdn), 
hAR= -R( f Getdadu) 


Let us introduce a wave function (q(x) | bib) con- 
nected to the general wave function (g|b) in (5) by 


(q(u) | b1b) = (q(u) | R(b1d) |). (27) 


Looked upon as a (g(u)|b1), it satisfies the wave 
equation (5) without the interaction terms. Its 
variation with respect to b for a constant }; is 
given by 


hA(q(u) | bib) 
= (q(u) | R(b1b)[G°+- eG" ]| b)+(q(u) | hAR| 210) 
= (q(u) | R(bib)eG"| b) 
= (g(u) | eG*(bb;) | b1), 


where operators with *’s are defined in g(u) repre- 
sentation by 


1*(b2b1) = R(b1b2)1R-(b1b2) = R-™(beb1)LR(b2b1). (29) 
q*(u) (b2b1) 


(26.1) 


(26.2) 


Considered as a function of u and bo, 
satisfies the Heisenberg’s equation of motion 


8J. Schwinger, on of physics, Pocono Manor, 
National Academy of Science, April 1948. 
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without the interaction terms. It reduces further at 
b2=b, to q(u). 

For the interaction between the electrons and the 
electromagnetic field, G,! is equal to N,L', where 
eL' is the interaction term in the Lagrangian, 
Hence if Ax, are nearly zero everywhere except at 
a certain value of u, the operator in (28) is 


eL'*(bb;) 


evaluated at this value of u times the volume AV 
between the original surface S and the displaced 
surface S’. This fact has been employed by ' 
Schwinger to introduce a differentiation of Y with 
respect to the surface at a point on the surface. 

(28) can be put in a nicer form by introducing a 
representation (q*’(bib2)|). As ¢ and qg have the 
same eigenvalues, we may let g*’, g’ (and similarly 

*/", q’’) denote the same 2 eigenvalues. Defining 


(at Bibs) |) by 


(q*’(bib2) | )=(q’ | R(b1b2) |), (30) 


we have 


(q*’(b1b2) | g*(b1b2) | ) 
= (q' | R(bib2) { R-!(b1b2)gR(b1b2) } |) 


=q/(q' | R(bib2) | )=9'(g*’"(b1ba) |) (311) 


and thus g*(bib2) is diagonal in this representation. 
From (28) and (30) 


hA(q*’ (b:b) |b) = hA(q’ | R(b1) |b) 
= (q'| R(b1b)e@™ |b) = (g*"(b1b) [eG |b). (32) 


A further simplification is obtained by intro- 
ducing (q'(b:)|b) defined by 


(q'(b1) |) = (q’ | R(b1b) | b) = (q' | bd), 
so that 
(q' (bz) |b) = Ler(q’ | R(b2b1) |g” )Xg'"(b1) |), 
etc., and an operator /(b) by 
(q' (1) |1(b2) | q’’(b1)) = (q’ | P*(b2b1) |q”"). 
Then (28) becomes 


hq’ (b1) |b) = Yi qrXq’ | eG"*(bb1) | q’’)Xq"’ | bxb) 
= Darr{q’ (b1) | e@*(b) | g’(b1) ){q’" (1) | Ye 
= (q'(b1) | eG#() |b). 


When G,!=WN,L', we obtain precisely Tomonaga’s 
formalism. As it stands, (35) is slightly more 
general than Tomonaga’s formalism, since the 
pperator in (35) may be an integral over u of non- 
commuting quantities. Though the formulas giving 
the change of the wave functional with respect to 
the surface S still depend on the parametrization of 
S, the coordinates of the wave function do not, as 
pointed out by Dirac. 

The expectation value of an operator /(u) on the 
surface 6 is, in terms of the wave functions in (5), 


(33) 


(34) 
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(b|2|b) or 
Dar(b|q’MXq' |21 0). (36) 


Transforming to wave functions of the type 
(q’|b1b), it becomes 


(bib | /*(bb:) | 615). (37) 


Transforming to wave functions of the type 
(q'(b1) |), it becomes 


Lara“{b| 9’ (b1)){Q' (b1) | (0) | g’"(b2)){q’"(b2) 16) (38) 


or simply (b|1(b) |b). 

The passage to Tomonaga’s formalism consists 
essentially of introducing (q’(b1)|b) by (33) and 
operator g(b) by (34). Thus all features in the 
orthodox Heisenberg-Pauli formalism are more or 
less retained in the new formalism. For example, 
we have in electrodynamics supplementary condi- 
tions on the wave functions in (5), and by intro- 
ducing the transformation (33), (34), we deduce 
the corresponding supplementary conditions on the 
new wave functions. If the supplementary condi- 
tions on the wave functions in (5) are consistent 
and are satisfied always if satisfied for one surface 
b, so are the new supplementary conditions. Further, 
Schwinger has shown for electrons interacting with 
the Maxwell field that from (35), a certain trans- 
formation. of the wave function produces a wave 
equation with the same left-hand side but with the 
operator on the right-hand side as a power series of 
ewith the leading power e?. Thus similarly, a certain 
transformation on the wave function in (5) will also 
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produce the same result. In fact, if we let the wave 
function in (5) be subjected to the transformation 


(q| b)new = eS (q| b)oia, (39) 


where S(d) is an operator depending on 6 and satis- 
fies 
hiAS = —eG'—iLS, G°), (40) 


we find that the above is integrable, and admits the 
solution 


S(b) = —(¢/hi) f R4(b:5)G*R(s8), (41) 


where Ax, in G! is the change of 5; and the integra- 
tion is carried out with respect to such increments 
from any initial surface to the final surface b. The 
wave equation for the new wave function is 


hav = |a°+—r50), G@4+0(e)}W. (42) 


A further transformation enables us to get rid of @°. 

The question of the self-energy of an electron or 
a photon will not be discussed here, as it has been 
discussed already by a number of physicists. The 
purpose of the present section is to show that the 
Tomonaga’s formalism is essentially the same as 
the Heisenberg-Pauli formalism and it seems likely 
that it will encounter the same difficulties. 

In conclusion, the writer wishes to thank Pro- 
fessor P. A. M. Dirac and Professor H. C. Corben 
for many stimulating discussions. 
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The thermal conductivity of glasses decreases with decreasing temperature, while the conductivity 
of crystalline substances increases with decreasing temperature. The behavior of glasses is interpreted 
in terms of an approximately constant free path for the lattice phonons, so that the conductivity 
decreases roughly with the specific heat. The value of the phonon mean free path at room temperature 
is of the order of magnitude of the scale of the disorder in the structure of glasses as determined from 
x-ray evidence—that is, of the order of 7A. This is about the size of the unit cell of the crystalline forms 


of silica. 





T was pointed out first by Eucken! that the 

temperature dependence of the thermal con- 
ductivity of glassy materials is quite different from 
that of crystalline materials. The thermal con- 
ductivity of glasses decreases fairly sharply with 
decreasing temperature, whereas the thermal con- 
ductivity of crystalline substances—whether single 
crystals or polycrystalline—increases fairly sharply 
with decreasing temperature? (Fig. 1). A second 
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Fic. 1. Comparison of thermal conductivity of glasses and 
crystalline substances. (The data are principally from the 
Landolt-Bérnstein tables. The measurement on Thuringian 
glass at liquid He temperature is by P. H. Keesom, Physica 
11, 339 (1944-46). Other measurements, not shown above, on 
four glasses at liquid He temperatures have been made by 
Dr. D. Bijl, and are to be published in Physica. The trend of 
the conductivity is quite similar in the four glasses measured 
by Bijl; for example, he finds K =1:0X10~ cal./cm-sec.-deg. 
for Monax glass at 1.45°K, while Keesom found for Thuringian 
glass 0.8X 10~ at 1.3°K.) 


1A. Eucken, Ann. d. Physik (4) 34, 185 (1911). 

2 The thermal conductivity of several single crystals has 
been found by de Haas and Biermasz to pass through a 
maximum near the liquid helium range; the fall-off on the low 


distinguishing characteristic of the thermal con- 
ductivity of glasses is that the spread of values of 
the conductivity from one glass to another, at a 
given temperature, is usually smaller than the 
spread in the care of crystalline substances. A third 
difference is that the thermal conductivity of glass 
is considerably lower than for crystalline sub- 
stances. The point plotted for Thuringian glass at 
1.3°K should be particularly noted. 

While the mechanism of thermal conduction in 
crystalline substances is quite well understood in 
qualitative terms, the corresponding processes in 
glasses have not previously been considered. It is 
this subject with which the present paper is con- 
cerned, and we shall see that the thermal conduc- 
tivity data find a natural explanation which is based 
on the x-ray evidence as to the nature of the glassy 
state; in fact, the thermal conductivity data may 
be regarded as a significant additional confirmation 
of the random lattice theory of glasses, as developed 
by Zachariasen* and Warren.‘ 

The present concept of the nature of the glassy 
state pictures a glass such as fused quartz (SiO,) 
as a random, but continuous, network of Si—O 
bonds. There is a definite structure in vitreous 
silica, but it is a structure with regard to immediate 
neighbors rather than a regularly repeating crystal- 
line structure (Fig. 2). The local order which exists 
in the immediate environment of any atom.is the 
same in vitreous silica as in the crystalline modi- 
fications of silica, but fused quartz does not possess 
the regularly repeating long range order of the 
crystal. Warren has shown that if we try to interpret 
the x-ray diffraction pattern of vitreous silica in 


temperature side of the maximum has been explained very 
satisfactorily by Casimir, who showed that the maximum 
occurs when the phonon mean free path becomes of the same 
order as the diameter of the test specimen, while at lower 
temperature the thermal conductivity is approximately pro- 
portional to the specific heat. See W. J. de Haas and T. Bier- 
masz, Physica 2, 673 (1935); 4, 752 (1937); 5, 47, 320, 619 
(1938); H. B. G. Casimir, Physica 5, 495 (1938); R. E. B. 
Makinson, Proc. Camb. Phil. Soc. 34, 474 (1938); see also 
R. Peierls, reference 6. 

3 W. H. Zachariasen, J. Am. Chem. Soc. 54, 3841 (1932). 

‘B. E. Warren, J. App. Phys. 8, 645 (1937); 13, 602 (1942). 
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THERMAL CONDUCTIVITY 


terms of the older concept of a glass as composed of 
small crystallites, rather than as a continuous 
bonded network, then we must conclude from the 
width of the diffraction lines that the crystallites 
are 7A in size. This is, however, just the size of the 
unit cell of a typical crystalline form of silica, and 
it is rather meaningless to speak of material as 
polycrystalline when the crystallites are reduced to 
single unit cells. The idea of glass as a continuous 
random network is based on this and a number of 
other considerations, 

The mechanism of heat conduction in crystalline 
substances has been explained by Debye,‘ Peierls,® 
and others, as sketched below. By analogy with the 
corresponding expression in the kinetic theory of 
gases the thermal conductivity K is written 


K=jovA, (1) 


where ¢ is the heat capacity per unit volume, v is 
average velocity of a sound wave (phonon) in the 
material, and A is the mean free path of phonons; 
the factor } is somewhat arbitrary. In an ideal 
infinite crystal lattice the mean free path will be 
infinite if the lattice interactions are strictly har- 
monic; finite values of A in an ideal crystal lattice 
are the result of anharmonic terms in the lattice 
interactions. The anharmonic terms have two 
effects: they limit the mean free path by coupling 
together the various lattice vibrations, and by the 
same mechanism they are able to produce a dis- 
tribution of phonon frequencies corresponding to 
thermal equilibrium. : 

The numerical value of A in a perfect crystal will 
depend on the magnitude of the anharmonic inter- 
actions, and also on the total density of phonons, 
since the greater the density of phonons, the greater 
are the number of possibilities for a given phonon 
to interact with other phonons. The phonon density 
decreases with decreasing temperature, so that we 
should expect the mean free path and thus the 
thermal conductivity to increase as we lower the 
temperature. This feature of the theory is in agree- 
ment with the experimental data which suggest 
that the conductivity of crystalline materials 
usually varies approximately as 1/T over the 
range of ordinary temperatures. 


HEAT PROPAGATION IN GLASSES 


In the case of glasses the anharmonic lattice 
interactions are still responsible for establishing 
thermal equilibrium among the phonons, but the 
mean free path which enters into the equation for 
the conductivity will usually be limited by geo- 


5P. Debye, in Vortraége tiber die kinetische Theorie der 
Materie und Elektrizitét, by M. Planck et al. (B. G. Teubner, 
Leipzig, 1914). 

®R. Peierls, Ann. d. Physik (5) 3, 1055 (1929); M. Black- 
man, Phil. Mag. 19, 989 (1935). 


OF GLASSES 


(a) 


__ Fic. 2. Schematic two-dimensional figures, after Zachariasen, 
illustrating the difference between: (a) the regularly repeating 
structure of a crystal; and (b) the random network of a glass. 


metrical effects associated with the disordered 
nature of the structure. 

If, to take an extreme case, the disorder deter- 
mines a mean free path Ao which is a constant, 
independent of phonon wave-length and phonon 
density, then the thermal conductivity may be 
written as 

(2) 


so that the ratio K/c is approximately constant. 
Since the heat capacity decreases with decreasing 
temperature, the thermal conductivity would also 
be expected to decrease, on the assumption of 
constant mean free path. 

Values of A for glasses are given in Table I, as 
calculated from the experimental values of the 
conductivity, heat capacity, density and sound 
velocity. It is seen that the values of A are all of the 
order of magnitude of the dimensions of a “unit 
cell’’—that is, of the order of 7A. 

The phonon free path in quartz glass at room 
temperature is seen from Table I to be longer than 
in the other two glasses for which data are given. 
This result may be accounted for by the presence 
of foreign atoms introduced in the commercial 
glasses as ‘“‘modifiers’’; these give additional scat- 
tering. 

The increase in the phonon free path at low tem- 
peratures can be understood as a consequence’ of 


K=icvAo 
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Fic. 3. Phonon mean free path A as a function of 
absolute temperature for quartz glass. 








TABLE I. Calculation of the phonon mean free 
path A for glasses.* 











Material Temp. K ef pu (ov) A 
100°C (0.0037) 0.194 _ (0.97 X108) 7.8A 

Quartz room 0.0034 0.172 1.45106 (0.97 108) 8.1 
ines —80°C 0.00275 0.12 — (0.97 X108) 95 
8 —180°C 0.0017 0.059 — (0.97 X10%) 12.0 
—238°C (0.0009) 0.014 —_ (0.97 X10%) 15.0 

Crown 
glass room 0.00163 0.161 1.41X10® 0.94 x<106 4.2 

Flint 

glass room 0.00143 0.117 1.54106 1,02 10° 4.8 








*For purposes of comparison we may mention that A for a quartz 
crystal (Paxte) is of the order of 700A at —190°C. The data used above are 
taken from the Landolt-Bérnstein Tabellen and from Bergmann Der Ulitra- 
schall. K is in cal./cm-sec.-deg.; c’ is in cal./g-deg.; pv is in g/cm?*-sec.; 
the mean value (p?) is arbitrarily taken as 4 of the value po for longitudinal 
waves. 


the more uniform propagation conditions which 
obtain when the wave-length of the dominant 
phonons becomes substantially larger than the 
dimensions of a unit cell of the glass. The mean free 
path may be expected to begin to increase when the 
temperature drops significantly below the value 
given by 


kT,=hv/D 

where D is the unit cell length. For glasses 
(6.6 X 10-7) (4X 105) 

°*(.4x10-9)(7X10-%) 


° 





and this value is more or less in agreement with 
experiment (see Fig. 3, where A vs. T is plotted for 
quartz glass). 

There are several ways in which we can under- 
stand qualitatively the mechanism by which a dis- 
ordered structure limits the free path of a phonon 
of wave-length \ appreciably smaller than the 
scale D of the disorder. 

1. One method is based on the distinction 
between plane elastic waves and normal modes of 
vibration. In a regular periodic lattice the normal 
modes of vibration are essentially identical with 
plane waves, so that in an infinite medium a plane 
wave will, if we neglect anharmonic interactions, 
propagate indefinitely without loss of energy to 
other modes of vibration. But in.a disordered lattice 
the normal modes are no longer plane waves: if we 
set up a plane wave it will soon become highly dis- 
torted, as the original wave may be viewed as the 
sum of a number of normal modes with various 
eigenfrequencies. The resulting distortion may be 
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described approximately in terms of a mean free 
path. 

2. Another method is based on a consideration 
of Fig. 1b which shows the random network of a 
glass. A plane elastic deformation started along one 
side of the network will not propagate in plane 
form, since different portions of the original plane 
deformation will travel down bond linkages of dif- 
ferent overall length, leading to phase destruction 
and to distortion of the character of the deforma- 
tion. 

3. Another approach to the problem utilizes the 
concepts which have been developed by the present 
author,’ and by Mason and McSkimin, in analyzing 
the results of measurements of the attenuation of 
ultrasonic waves (~20 mc/sec.) in polycrystalline 
solids. It is found experimentally that when the 
wave-length is much smaller than the grain size 
the ‘free path” is a constant, independent of fre- 
quency. We have the following physical picture of 
the mechanism responsible for a constant Apo in this 
limit: the sound wave loses a certain proportion of 
its energy by reflection at each interface between 
adjacent crystal grains. The intensity penetrating 
a distance x will be reduced with respect to the 
incident intensity by a factor of the order of e—#2!?, 
where D is the grain size, and R is the reflection 
coefficient. The phonon free path here is then 
Ao=D/R. 

It should be mentioned that the viewpoint 
developed in the present paper is applicable to heat 
conduction in liquids, as it is well known that in 
liquids the phonon free paths are of molecular di- 
mensions, and that the lattice structure is in some 
respects similar to that of a disordered solid. 

I wish to thank Dr. W. P. Mason, Dr. W. Shock- 
ley, and Professor P. Debye for stimulating dis- 
cussions which led up to the analysis given in this 
paper. The 1948 Shelter Island Low Temperature 
Conference sponsored by the National Academy of 
Sciences provided further opportunity for discus- 
sion. I am indebted to Dr. D. Bijl of Leiden for his 
kind permission to refer to his measurements in 
advance of publication, and to Professor C. J. 
Gorter for informing me of the existence of these 
measurements, 


7C. Kittel, ‘Ultrasonics research and the properties of 
=" Reports on Progress in Physics 11, 205-247 (1946- 
@W. P. Mason and H. J. McSkimin, J. Acous. Soc. Am. 
19, 464-474 (1947); also J. App. Phys. 19, 940-946 (1948). 
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The total neutron cross sections of polycrystalline compounds, such as close-packed hexagonal 
ZnO, body-centered cubic TIBr, and face-centered cubic CaO and TiC were determined with 
the Argonne neutron velocity selector and neutron crystal spectrometer in the energy region 
of 0.001 to 1.0 electron volt. From the size of the cross-section peaks which are due to coherent 
scattering of neutrons the following scattering amplitudes were determined: Ca, +0.46X10-" 
cm; Ti, —0.25X 10-" cm; Tl, +0.75 X 10-2 cm. The previously reported value of +0.58X 10-” 
cm for Zn was confirmed. The free atom scattering cross section of Ca is 2.5 barns. 





NTERFERENCE effects are observed when 
photons or particles of appropriate wave- 
length impinge on crystalline matter. For dif- 
fraction to occur the wave-length of the imping- 
ing radiation must be less than twice the largest 
interplanar distance in the crystal but not smaller 
by too large an order of magnitude. The intensity 
of the scattered beam is usually measured as a 
function of the scattering angle and the wave- 
length of the impinging radiation. Since the 
intensity of the transmitted beam is decreased 
by the amount of scattered and absorbed radia- 
tion, diffraction effects may also be observed if 
transmission measurements are made as a 
function of the wave-length of the incident beam. 
Halpern, Hamermesh, and Johnson,! and Wein- 
stock? have theoretically determined the nature 
of the transmission curve as a function of wave- 
length for neutrons passing through a mono- 
atomic microcrystalline substance. Fermi, Sturm, 
and Sachs’ extended this treatment to diatomic 
substances and determined the theoretical and 
experimental curves for Be and BeO. In the 
present investigation the method was applied to 
the study of crystalline and nuclear properties 
of some simple diatomic substances with body- 
centered and face-centered cubic, and hexagonal 
close-packed structures. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The two devices used for velocity selection of 
neutrons from the Argonne heavy water pile 
were the rotating shutter mechanism designed 


* This document is based on work performed under the 
auspices of the Atomic Energy Commission at the Argonne 
National Laboratory. 

** On leave from the University of Pittsburgh. 

10. Halpern, M. Hamermesh, and M. H. Johnson, Phys. 
Rev. 59, 981 (1941). 

2R. Weinstock, Phys. Rev. 65, 1 (1944). 

3E. Fermi, W. J. Sturm, and R. G. Sachs, Phys. Rev. 
71, 589 (1947). 


by Brill and Lichtenberger‘ and the crystal spec- 
trometer described by Zinn’ and Sturm.® The 
rotating shutter mechanism employs the time of 


‘ flight method for determining the energy of 


neutrons. Its operating range was 0.001 to 0.2 
electron volt. The energy range of neutrons ob- 
tained by means of the crystal spectrometer was 
0.1 to 1.0 electron volt. 

The samples were in the form of powders 
ground to finer than 200 mesh and were con- 
tained in aluminum containers with inner end 
dimensions of 13’ x43” and lengths varying from 
2” to 10”, depending on the desired trans- 
missions in the region of 0.25 to 0.5. In the case 
of samples with high absorption and low scat- 
tering of neutrons it was necessary to use a 
sample having low transmission in order to deter- 
mine with sufficient accuracy the contribution of 
coherent scattering to the total cross section of 
the material. 

The transmission T of the sample for neutrons 
of given velocity was determined from the ratio 
of the counting rates obtained with and without 
the sample in the path of the beam corrected for 
the fast neutron background. From the weight 
of the sample and the inner end area of the con- 
tainer the number N of formula molecules per 
unit end area was calculated. The cross section 
was then determined from 


¢=(1/N) In(1/T). (1) 


The theoretical cross-section curves due to 
coherent scattering alone were calculated from 
the relation 3? 





FM\d 
o= exp(—w(n/d)?) (2) 
n/d<2/. gV84N | 
‘T. Brill and H. V. Lichtenberger, Phys. Rev. 72, 585 


(1947). 
5 W. H. Zinn, Phys. Rev. 71, 752 (1947). 
6 W. J. Sturm, Phys. Rev. 71, 757 (1947). 
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TABLE I. Structure factors and multiplicity factors 
of CaO, TiC, TIBr, and ZnO. 
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Element indices M 
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16(Ca—O)? 
16(Ca+O)? 


111 
311 
331 
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111 
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(T1+Br)? 


re dO 
=SS S990 
WWn © W bo 


100 (Zn+O)? 

002 4(Zn?+O0?—0.070 Zn-O) 
101 3(Zn?+-O?— 1.39 Zn-O) 
102 (Zn?+-0?—0.070 Zn-O) 
110 4(Zn+O)? 

103 3(Zn?+O0?+ 1.49 Zn-O) 
200 (Zn+O)? 

112 4(Zn?+O0?—0.070 Zn-O) 
201 3(Zn?+-0?— 1.39 Zn-O) 
004 4(Zn?+O0?— 1.995 Zn-QO) 


SIS 99 > & Od 2 Cn OD 
Sedo Nm ONO 








in which the structure factor F of the lattice 
made up of diatomic substance was calculated as 
follows: 


F=4r|A, ¥ exp[2mi(hus+ko:+lw) 
%101W1 
2 


+Az > exp[2ri(huet+kvetlwe) || , 


U2v2w3 


(3) 


where A; and A? are the scattering amplitudes 
of atoms of species 1 and 2, u, v, and w are the 
coordinates of the atoms in the unit cell, and 
h, k, and / are the Miller indices. In expression 
(2) M is the multiplicity factor (the number of 
different orientations of the unit cell such that 
the Bragg condition for a given set of crystal 
planes is satisfied), \ the wave-length of the 
neutrons, V the volume of the unit cell, d the 
interplanar spacing for a given set of crystal 
planes, m the order of reflection, and g the number 
of molecules per unit cell. The exponential term 
is a Debye-Waller type correction factor for 
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thermal agitation, in which w is a function of the 
Debye temperature.’ 

Where the scattering amplitudes were known, 
the coherent scattering cross section as a function 
of energy was calculated from Eqs. (2) and (3). 
The contribution due to absorption was calcu- 
lated from the value of the absorption cross 
section at 0.025 electron volt’ on the assumption 
that the absorption cross section varied inversely 
proportional to the neutron velocity. The sum 
of the two calculated cross sections was compared 
with the experimentally obtained values. Where 
the scattering amplitude was not known, its 
value was taken to be that which gave the best 
fit of the resultant curve above and below the 
position of the first appearance of diffraction 
effects. 

It should be noted that for mth order diffrac- 
tion from a given set of parallel planes the 
maximum cross section occurs at the wave-length 
\=2d/n. The energy values corresponding to 
these wave-lengths are marked on all the figures 
given below. The coherent scattering cross sec- 
tion for neutrons of wave-length longer than 
2d/n is zero for the given value of m and d. 


A. CaO 


An 8-inch long container was filled with 476.8 
grams of chemically pure CaO which had been 
dried for several days at 950°C. The sample was 
kept in a desiccator at all times except during an 
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Fic. 1. Neutron cross section of CaO vs. neutron energy. 


7 Project Handbook—CL—697, Chapter IVA, 3.1, p. 21. 
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actual cross-section measurement. These pre- 
cautions were necessary to avoid absorption of 
water. 

The structure of calcium oxide is face-centered 
cubic. Fermi and Marshall’ give the scattering 
amplitudes of Ca and O as 0.79 and 0.61, respec- 
tively, in units of 10- cm. The signs of the 
scattering amplitudes are both positive, i.e., the 
change in the phase of the neutron wave on 
scattering by Ca is the same as for O. As given 
in Table I, the structure factors for diffractions 
involving all odd indices are proportional to the 
factor (Ca—QO) where the chemical symbols rep- 
resent the scattering amplitudes. For all even 
indices the factors are proportional to (Ca+O). 
This is confirmed by Fig. 1. The first two peaks 
can be unambiguously assigned to diffraction 
involving even indices (200) and (220). Further- 
more, the (111) peak is either very weak or com- 
pletely absent. The positions of the other peaks 
are in accord with the assigned signs of the scat- 
tering amplitudes, although the agreement in 
these cases is not as definite. Because of the 
limited resolution of the instrument, the cross- 
section peaks obtained experimentally occur at 
slightly higher energies than the calculated 
values. 

The calculated cross-section curve, based on 
the data of Fermi and Marshall® and a value of 
570°K for the Debye temperature determined 
from the heat capacity data, is larger than the 
experimental curve obtained here by a factor of 
almost 2. The best fit of the experimental and 
calculated curves was for a value of 0.46+0.05 
for the scattering amplitude of Ca based on the 
value of 0.61 for O. The free atom scattering 
cross section of Ca can be calculated by the 
formula o=4mA?y?, where A is the value of the 
scattering amplitude and yu is the reduced mass 
of a neutron and a free Ca atom. This formula is 
strictly valid only for mono-isotopic elements but 
is assumed accurate enough here within the un- 
certainty in the scattering amplitude, since the 
isotopic abundance of Ca“ is 97 percent, the 
remainder being divided among 5 isotopes. The 
free atom scattering cross section based on the 
value of 4.1 barns for O was also determined 
from the experimental curve at one electron 
volt. The value obtained by both the rotating 
shutter method and the crystal spectrometer was 
2.5+0.3 barns. It is much less than any value 
previously reported. 


8E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 
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Fic. 2. Neutron cross section of TiC vs. neutron energy. 


B. TiC 


A 2-inch long container was filled with 378.2 
grams of TiC. Since the compound has a low 
avidity for water;further drying was unnecessary. 

Like CaO, TiC crystallizes in a face-centered 
cubic structure. While the scattering amplitude 
of C is given as +0.67,° neither the sign nor the 
magnitude of the scattering amplitude of Ti has 
been known. 

Whereas in the case of CaO the cross-section 
values for diffractions involving even indices was 
large and those involving odd indices very small, 
the situation is reversed in the case of TiC. As 
seen in Fig. 2, the intense peaks can be unam- 
biguously assigned to diffractions from the (111) 
and (311) planes. Possible peaks corresponding 
to the (200) and (220) planes are relatively weak. 
The change in the phase of the neutron on scat- 
tering by Ti is, therefore, different by the angle 
x from that for C, i.e., the sign of its scattering 
amplitude is negative. The large continuous rise 
of the curve with decreasing energy is due 
primarily to the high 1/v absorption cross section 
of titanium. The scattering amplitude was cal- 
culated from the curve to be —0.25+0.03. The 
Debye temperature was not known. Calculations 
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Fic. 3. Neutron cross section of TIBr vs. neutron energy. 


were, therefore, made by assuming it to be 
500°K, 1000°K, and 1500°K. The lowest value 
of the exponential term in Eq. (2) for the (111) 
planes was 0.96 for a Debye temperature of 
500°K. Because the term decreases in magnitude 
for larger indices, the value of the scattering 
amplitude was calculated primarily from the 
(111) peak and is, therefore, relatively reliable. 
The structure factors for various crystalline 
planes of TiC, based on the above value of the 
scattering amplitude of Ti, and the multiplicity 
factors are given in Table I. 


C. TiBr 


A container similar to that used for TiC was 
filled with 887.5 g of TIBr which had been dried 
for 3 days at 400°C. The scattering amplitude of 
Br is given as +0.56,° and that of T1 is deter- 
mined here. 

The structure of TIBr is of the CsCl type, in 
which the cross-section values depend strongly 
on whether the sum of the Miller indices is even 
or odd. For scattering amplitudes with like sign, 
large cross-section peaks will occur at positions 
corresponding to indices of even sum. On the 
other -hand, if the Tl and Br atoms scatter 
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neutrons out of phase the peaks corresponding to 
indices of odd sum would be prominent. 

As shown in Fig. 3, the peaks in the cross- 
section curve occur at positions corresponding 
to an even sum of Miller indices. Thus, Tl and 
Br scatter in phase, i.e., the sign of the scattering 
amplitude of T1 is positive. From analysis of the 
curve the magnitude of the scattering amplitude 
was found to be 0.75++0.08, based on the value 
of +0.56 for Br’. A Debye temperature ~500°K, 
determined from heat capacity data, was used 
in the calculations. The structure and the multi- 
plicity factors for this compound are also given 
in Table I. 


D. ZnO 


A 6-inch long container was filled with 873.7 
grams of ZnO, which had been dried for several 
days at 900°C, and a total cross-section curve 
as a function of energy was obtained as shown in 
Fig. 4. Since this compound crystallized in a 
close-packed hexagonal structure with the fol- 
lowing coordinates of the atoms in the unit cell, 
Zn: 0, 0, 0; 4, #, $,and O: 0,0, uw; 4, 3, (+), where 
u=0.3725, its structure factor is given by the 
expression : 
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Fic. 4. Neutron cross section of ZnO vs. neutron energy. 
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F=8x[1+cos2a(h/3+2k/3+1/2) ] 
X [Zn?+0%+2 ZnO cos2ryl], (4) 


in which Zn and O represent scattering ampli- 
tudes of the corresponding nuclei. When the 
previously determined values® of the scattering 
amplitudes, +0.58 for Zn and +0.61 for O, are 
substituted in (4) the expression reduces to: 


F=17.8+10-“[1+cos24(h/3+2k/3+1/2)] 


X[1+cos0.745a1]. (5) 


A cross-section curve calculated from the 
structure factors obtained by means of (5) and 
the multiplicity factors given in Table I gave a 
good fit with the experimentally determined 
curve. This confirmed both the magnitudes and 
the signs of the previously determined scattering 
amplitudes. Were the sign of Zn opposite from 
that of O, the last factor in (5) would be 
(1—cos0.745z/). 

In an x-ray diffraction pattern of ZnO, lines of 
relatively strong intensities are observed from 
planes such as (100), (002), (101), (102), (110), 
(103), (200), (112), (201), etc., whose Miller 
indices satisfy the following conditions—when 
lis odd, A4+2K =3n+1; when /7 is even, A+2K 
=3n, 3n+1 (i.e., any integer)—where ~=0, 1, 2, 
Sie 
Because of poor resolution of the rotating 
shutter device the peaks in the total neutron 
cross-section curve are actually caused by several 
planes which give strong reflections. 


DISCUSSION OF RESULTS 


As seen from the curves presented here, most 
of the diffraction effects are observed in the 
energy region 0.001 to 0.2 electron volt, which 
is covered by the rotating shutter device. While 
the resolution of the device is not comparable to 
that of the neutron or x-ray crystal spectrometer, 
enough diffraction peaks characteristic of the 
crystal system studied are observed that they 
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TABLE II. Scattering amplitudes of Ca, Ti, Tl, and Zn. 





Element Scattering amplitude Remarks 





Based on scattering 
amplitude of: 

O, as +0.61X10-" cm 

C, as +0.67 X 10-" cm 

Br, as +0.56X 10-2 cm 

Same as reported previ- 
ously (see reference 8) 


(units of 
10-2 cm) 
+0.46+0.05 
—0.25+0.03 
+0.75+0.08 
+0.58 








permit unambiguous determinations of the mag- 
nitude and the sign of the scattering amplitudes 
as summarized in Table II. 

The experimentally determined values of the 
total cross sections were somewhat higher than 
the corresponding calculated values for coherent 
scattering and absorption. The difference is sig- 
nificant and is a proper problem for future inves- 
tigation. 

This method of studying crystalline effects 
seems to be relatively feasible for those sub- 
stances that have sufficiently low neutron ab- 
sorption cross sections. An important application 
of this method can be made in the determination 
of the structures of compounds containing hy- 
drogen and deuterium. By means of the usual 
x-ray diffraction methods the positions of all 
but the hydrogen and deuterium atoms can 
usually be determined. This limitation does not 
exist for neutrons, however, since hydrogen and 
deuterium have substantial scattering cross sec- 
tions. If only a limited number of possible ar- 
rangements remain for the hydrogen and deu- 
terium atoms after x-ray analysis, the method 
reported here might supply just the information 
required for a complete establishment of the 
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Coincident Bursts in Small Ionization Chambers* 


C. G. MONTGOMERY AND D. D. MONTGOMERY 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut** 
February 7, 1949 


VIDENCE has already been reported! to show that many 
bursts of ionization occurring in a large unshielded ioniza- 
tion chamber result from nuclear disintegrations in the cham- 
ber walls rather than from showers of electrons from the 
atmosphere. Similar conclusions have also been drawn by 
other experimenters.? These observations have been ex- 
tended to smaller chambers by measuring bursts occurring 
simultaneously in two spherical chambers 3 inches in diameter 
and coincidences between bursts and the discharges of a 
counter set that detected electrons in air showers. The cham- 
bers were similar to those of R. T. Young? who made observa- 
tions of bursts under lead shielding. A pressure of 200 Ibs. /in.? 
of argon was used and the bursts were recorded photographi- 
cally by means of an electrometer tube, a galvanometer, and a 
motor-driven camera. The counter discharges flashed a lamp 
which also made a record on the sensitive paper. The two 
chambers were separated 9 cm center to center and three 
counter trays were placed at various distances in the same 
horizontal plane. The ionization produced in the chamber 
corresponded to that from about 10 or more electrons travers- 
ing the chamber, or to an energy loss in the chamber of about 
1.5 Mev. The counter trays each had an area of 350 cm? and 
hence their efficiency for the detection of an air shower in the 
range of densities involved was very nearly 100 percent. 

Observations were made both at sea level and at an eleva- 
tion of 3500 meters at Climax, Colorado. The size-frequency 
distribution of bursts is approximately a power-law distribu- 
tion with an exponent which increases slightly with increasing 
size of burst. For the integral distribution the exponent is 
about 3. It was found that no coincidences between the 
chambers or between chambers and counters occurred that 
could not be explained by the finite resolving time of the 
apparatus. This resolving time was determined by the gal- 
vanometer period and by the speed of the photographic re- 
corder and was found to be 1.5 sec. The fraction f of the bursts 
which were coincident fortuitously is equal to 2NT, where N 
is the rate of occurrence of the bursts and T the resolving 
time. The observed values of N were between 100 per hour 
and 10 per hour and hence f was between 8.6 percent and less 

_ than 1 percent, depending on the sizes of bursts considered. 
Similarly the observed triple coincidences could also be ac- 
cidental. We must conclude therefore that air showers do not 
contribute appreciably as a cause of the bursts in these 
chambers. 

Since the chamber walls were thin (y4-inch steel) and care 
was taken to remove all heavy material from the neighbor- 
hood of the chambers, cascade showers produced locally also 
cannot be the cause of the bursts observed. Heavily ionizing 
particles must therefore be invoked. By a lucky accident, one 
of the spheres was contaminated with a source of alpha-par- 
ticles and observations made at low pressure showed about 10 
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times as many bursts in one chamber as in the other. At the 
high pressure® used, however, the numbers of bursts in the two 
chambers were the same. The alpha-particle ionization was 
suppressed by recombination in the weak field near the cham. 
ber walls and did not contribute. The bursts must therefore 
be explained by heavily ionizing particles of long enough range 
to bring them within the high field region of the chamber, 
Protons, fast alpha-particles, and slow mesons produced by 
nuclear disintegrations in the chamber walls remain as possible 
sources of the ionization bursts. From the known range. 
energy relation, a single slow meson would have to have an 
energy between 4.1 and 1.5 Mev to produce a burst. It seems 
unlikely that many such particles are present. 


* A preliminary account of these observations was presented at the Cam- 
bridge meeting of the New England Sectioa of the American Physical 
Society, May, 1948. ae 

** Assisted by the joint program of the Office of Naval Research and the 
Atomic Energy Commission. 

1C, G. Montgomery and D. D. Montgomery, Phys. Rev. 72, 131 (1947), 

2 Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 (1948); H. 
Carmichael, Phys. Rev. 74, 1667 (1948). 

3R. T. Young, Phys. Rev. 52, 559 (1937). 





Microwave Absorption Spectra of 
Paramagnetic Salts* 
Yu Tinc, Roy C. WEIDLER, AND DUDLEY WILLIAMS 


Ohio State University, Columbus, Ohio 
January 27, 1949 


WE have recently observed magnetic resonance absorp- 
tion in the following paramagnetic salts: chromium 
fluoride, CrF;, chromium bromide, CrBr;, chromium sulfite, 
Cr2(SO3)3, manganese tartrate, MnC,H,O¢, manganese car- 
bonate, MnCOs, manganese acetate, Mn(C2H;O2)2, and 
ferric ammonium sulfate FeNH,(SO,)2-12H.O. With in- 
cident radiation of wave-length 3.3 cm, intense absorption was 
noted when the external magnetic field was in the range 3000- 
4000 gauss; the observed absorption peaks were in the vicinity 
of 3500 gauss. In the»measurements completed thus far, 
powdered samples of the salts were mounted in a resonant 
cavity. Further work on single crystals of the above salts is in 


_progress. 


* This study is associated with work done under Contract No. W28-099 
ac-179 between Watson Laboratories of the Air Materiel Command and the 
Ohio State University Research Foundation. 





The Variational Method for the Continuous Wave 
Function of an Electron in the Field of a 
Neutral Atom 


Su-Spu HUANG 
Yerkes Observatory, University of Chicago, Williams Bay, Wisconsin 
January 27, 1949 


INCE L. Hulthén first formulated the variational method 
for the treatment of the continuous spectrum! in the 
quantum theory, several papers have appeared? in which his 
method has been applied to problems of nuclear scattering. 
In this note we shall generalize Hulthén’s principle for the 
case of electron scattering by a neutral atom. 
Considering first the simplest case of a free electron in the 
field of a neutral hydrogen atom, we have the following asymp- 
totic form for the wave function 


Woo = (21-+1/4)*{ (7/2)-"Pi(cos6e) sin(ky2—lr/2+n) 
+ (e/y1)~"2Pi(cos@;) sin(kyi—la/2+7)}. (1) 
(We have adopted the Bohr radius and Rk as the unit of 


length and of energy, respectively. The other symbols have 
their standard meanings. ) 
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Considering 


(2) 


Sen f [vL—Ewdndrs, 


where 
L=—VP—V2?— (2/71) — (2/72) +(2/r12), 


we have by Green’s theorem 
[vvsivdei= fayviydr 
+ £ [v(08y/a71)— 5p (0y/d71)1dS:. (4) 


Now substituting the asymptotic expansion of the wave func- 
tion (1) in the surface integral of (4) (evaluated at y:— ~ ), we 
can show that 


Jf ferrerdridra= ff ovvidridrs—ahbn, 


(5) 


The corresponding integral with the subscript 2 can be simi- 
larly transformed. Hence 


sl=2 f f 8) (L—E)dridra+-2xrkin. 


If y satisfies the wave equation, then we have 
5L =2zkin, (7) 


which provides the generalization of Hulthén’s principle for 
the present case. 

From this derivation it is evident that the same result 
would follow, also, for the case of a free electron in the field 
of a neutral atom with more than one electron. In case the 
atom is not neutral the asymptotic form of y will be different 
from (1); but the necessary modifications can be easily made. 

In practical applications, some form for ¥, involving certain 
constants, can be assumed and the constants be then deter- 
mined by the condition 2=0 and 6£=0. This procedure will 
be analogous to what Hulthén has adopted in his paper. 

In spite of the general nature of the above method, the 
mathematical formula for actually working out the varia- 
tional integral are very complicated. It would therefore seem 
that a somewhat less general but a mathematically simpler 
formulation of the principle is more suitable. This is the 
generalization of Tamm’s formulation for the case considered 
by Hulthén. 

For the case of S scattering by a neutral hydrogen atom 
we can choose the three coordinates 1, y2, and 12 (which is 
the distance between the two electrons) to describe the wave 
function, since for this case, we have spherical symmetry. 
The wave equation can be written in terms of these coordinates 
and with the substitution 


y= (e-71/y2)[sinky2+u(y1, Y2, yi2) Cosky2], (8) 


it can be shown that the resulting differential equation for 
u(y1, Y2, Y12) is the Euler equation of the following variational 
integral : 
§=5 (dra (dy [Od 
8 J ™ 0 28 a nee 

X F(ui, U2, U2, 4; ¥1, ¥2) Y12)=9, 


(6) 


(9) 


where 


Poem costeas| (uth t+ 2a) 
2 
iil 2 2 2 2 
ye v2? +712 litieal ily? x +712 Ree 
7Y2 72 


211 4+) tanky:+1)| (10) 
72 ys Ta 





and 


ui =0u/d71, uz=du/dy2, uiz=du/dyix. (11) 
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The foregoing two formulations of the variational principle 
can be shown to be equivalent: For, with the form of the 
wave function expressed in (8) 52 becomes ($)8§ provided 
u(vi, Ya Yi2) satisfies the equation governing it. 

It is of interest to note that the integral reduces to that 
given by Tamm in the special case u=u(y2) only, and 
—2(1/y2—1/yi2) can be approximated by an expression 
which involves +2 only (as for example by a potential V(y2) 
of the Hartree field of the hydrogen atom). For, in this special 
case, the integration with respect to yi2 and 7; can be effected 
directly and the final integral 


$= 4 dvaLus? cos*ky2+ Vu? cos*ky2 
+2Vucosky:sinky2] (12) 


is identical with what Tamm gives. 

Further work on this problem is in progress. 

My sincere thanks are due Professor S. Chandrasekhar who 
suggested this problem to me and also made invaluable dis- 
cussions. 

1L. Hulthén, K. Fysiogr. Sallsk. Lund Férhandl. 14, No. 21 (1944). 

2N. E. Tamm, J. Exper. Theor. Phys. (Russian) 18, No. 4 (1948); L. 
Hulthén, Arkiv. f. Mat. Astr. o. Fys. 35A, No. 25 (1948); W. Kohn, Phys. 


Rev. 74, 1763 (1948); B. Holmberg, K. Fysiogr. Sallsk. Lund Férhandl. 18, 
No. 7 (1948). 





Cerenkov Radiation Effect in Meson Theory 


W. W. Wapba 


Randall Laboratory of Physics, University of Michigan, 
Ann Arbor, Michigan 


February 4, 1949 


| the present note the idea of Cerenkov radiation is ap- 
plied to the equations of a scalar meson in the hope of 
accounting for some instances of multiple meson production in 
a phenomenological way. The mesonic Cerenkov radiation is 
expected to occur if the source of the mesonic field, viz., the 
nucleon, moves with velocity greater than the phase velocity 
of the propagation of the meson field itself. 

The relativistic energy-momentum relationship gives 
w/x=c(1+«o?/x?)? as the phase velocity of the meson wave in 
vacuum, where w and « are the frequency and the wave num- 
ber of the phase wave respectively, xo is the reciprocal Compton 
wave-length of the meson, and c the velocity of light. This 
phase velocity is always greater than c. Therefore, in order to 
have conditions necessary for the mesonic Cerenkov radiation, 
phenomenological field equations endowed with constants 
analogous to the e and uw of Maxwellian theory will have to be 
used. 

In the simplest case, that of a scalar meson field, at most 
three such nuclear material constants may occur; but when 
the Gordon-Klein equation is formed by elimination, only two 
constants ”,; and m2 can appear: 


Ag— (n:?/c?)(0°p /0#) — (xP /ns*)p = 0. 


The fact that the Gordon-Klein equation has three terms 
indicates that, no matter what kind of meson field is con- 
sidered, there would occur at most two “‘indices of refraction,” 
one corresponding to the electromagnetic case, viz., m1, and 
the other to be associated with the Compton wave-length, 
ViZ., Ne. 

Assuming a plane wave solution to this equation one obtains 


w/« = (¢/m1)(1+ Ko? /(m2x*))4 


as the phase velocity of meson wave in nuclear matter. It is 
clear from this expression that for 2, >1 and for large values of 
x, the phase velocity of the meson wave may become less than 
c and hence less than the velocity of the incident nucleon. 
Considerations similar to those of Cox,! who obtained the 
expression for the electromagnetic Cerenkov radiation in which 
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a quantum-mechanical correction term occurs, give in our case 


cosé =c/(m18)- (1+ xo?/(m2*x?))4 
+ $A {x(1—1/n1?)—Kxo?/(m122?x)}, 


where @ is the angle between the direction of the emitted meson 
and that of the incident nucleon before the emission of the 
meson and £ is the v/c ratio of the nucleon before the emission. 
A is the de Broglie wave-length of the nucleon before the emis- 
sion given by A=h(1—£?)*/ Mv. 

The second term in the expression for cos@ is obviously the 
quantum-mechanical correction term since it contains h. 
If one lets the rest mass of the meson go to zero, one obtains 
Cox’s formula in the electromagnetic Cerenkov radiation. 

The first term in the present formula for cos@ may be re- 
garded as a classical term, for when replacing the square root 
by the phase velocity of the meson the classical formula for 
the sine of the Mach angle results. However, @ still depends 
upon x, the momentum of the meson. 

I wish to thank Dr. O. Laporte for advice and encourage- 
ment. 

1R. T. Cox, Phys. Rev. 66, 106 (1944). 





Nuclear Capture of Z; Electrons 


B. PontEcorvo, D. H. W. KirKwoop, AND G. C. HANNA 


Chalk River Laboratory, National Research Council of Canada, 
Chalk River, Ontario, Canada 


January 28, 1949 


HE phenomenon of L-capture, the observation of which 

we reported a few months ago,! has been investigated 

in detail. Proportional counters filled with various gases and 
traces of A®” were used. The technique in measuring carefully 
the ratio of energies was described previously.2 Two counter 
types and four fillings were used, as indicated in Table I. The 
highest gas multiplication factor used was about 2X 105. 
The A” K-capture disintegration provides! a peak at an energy 
equal to the K ionization potential of Cl, 2.8 kev. Nuclear cap- 
ture of LZ electrons should result in the liberation in the counter 
of an energy equal to the L ionization potential, about 1/10 
of the K ionization potential. We have in fact observed such a 
low energy peak at about 1/10 of the energy of the main peak, 
using counters J and JJ with “argon” fillings. However, quite 
apart from the nuclear capture of L electrons, there must be a 
low energy peak in addition to the 2.8-kev peak for the follow- 
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Fic. 1. L-capture in A*’. The energy scale is derived for convenience from a 
comparison of pulse amplitudes with the 2.8-kev K-capture line. 
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TABLE I, Counter types used. 





—— 


Counter IJ 





Counter I 





Active length (cm) 30 20 
Internal diameter (cm) 2.35 4.65 


40cm A 4icmA 
12 cm CHa 11cm Cude =0.66 


26 cm Xe 
14cmA =0.15 
10 cm CHa 


\e =0.75 


“Argon” filling (cm Hg) 


“*Xenon”’ filling (cm Hg) 50 cm Xe \. =0.13 


10 cm CHs 








ing reasons. K-capture in A® results in the formation of a Cl 
atom with an ionized K shell. In most cases (about 90 per- 
cent)’ the whole of the 2.8-kev K binding energy is dissipated 
in the counter as Auger electrons. However, in about 10 per- 
cent of the cases a Ka-x-ray photon is emitted with conse- 
quent ionization of the L;; or Lz; shell. This Ka-quantum 
may escape from the counter, i.e., there isa small probability, 
dependent on the absorptive power of the counter gas, that 
only the Zz; or Lj7; ionization potential of Cl (200 ev) is 
released in the counter. Consequently, in experiments with 
“argon”’ fillings where the escape probability* « for the Ka- 
quantum is high (see Table I), the presence of a low energy 
peak should not in itself be considered as a proof of L orbital 
electron capture. The proof arises, rather, from the fact that 
the intensity of the low energy peak is definitely greater than 
would be expected only on the basis of the escape of K-radia- 
tion. Moreover, there is a difference between the low energy 
‘peak due to K-escape and that due to L-capture. The escape 
peak involves the Lz; or Liz shell (200 ev), but in the nuclear 
L-capture L; electrons are expected to be involved (i.e., S 
electrons) with release of about 280 ev.’ We cannot resolve two 
peaks at 200 and 280 ev because the statistical spread? is too 
great. We can, however, reduce the K quantum escape prob- 
ability to a small value by adding xenon, and thus be left 
substantially with the effects of L-capture alone (see Table I). 
This was done with the ‘‘xenon”’ fillings. 

The curves in Fig. 1 have been normalized to refer to the 
same total disintegration rate of A. They show essentially 
L-capture with “xenon” filling, and L-capture+<K-escape 
with “argon” filling. The two effects produced by Xe— 
decrease in intensity of the peak and the shifting of the peaks 
to higher energy—are apparent, and quantitatively they are in 
agreement with expectations within the experimental errors. 
Similar results were obtained with counter J. 

The energy scale of Fig. 1 is obtained from the position of 
the 2.8-kev peak. It is noticed that the values for the ZL; peak, 
as well as the value’for the (L;, Li, L111) peak, correspond to 
an energy smaller than the theoretical value. This is due in 
part to an increase in the mean energy necessary to produce an 
ion pair at low energy, and in part toa distortion of the shape 
due to an “end-effect tail.”"** The second difficulty enters 
also in estimating the ratio of the probabilities of L- and 
K-capture. A value of 8 to 9 percent is obtained for the L/K 
ratio with both Xe and A fillings when corrections for K-escape 
are made, The theoretical value is only 6 percent, according to 
Marshak,® but in view of the difficulties connected with the 
subtraction of background, we are not sure that the dis- 
crepancy is significant. 

1D. H. W. Kirkwood, B. Pontecorvo, and G. C. Hanna, Phys. Rev. 74, 
497 (1948), 

G. C. Hanna, D. H. W. Kirkwood, and B. Pontecorvo, Phys. Rev. 75, 
985 (1949). 

3M. Haas, Ann. d. Physik 16, 473 (1933); P. K. Weimer, J. D. Kurba- 
tov, and M. L. Pool, Phys. Rev. 66, 209 (1944). 

4F. Holweck, De la Lumiére aux Rayons-X (Paris, 1927). 

*In evaluating «, we have u as absorption_coefficients of the Cl 
Ka-line: in A 260 cm?/g, in Xe 800 cm?/g, and in C 130 cm?/g. 

5M. Siegbahn, Spectroskopie der Rontgenstrahlen, (Berlin, 1931). 

** Counter J, having small end effect due to its high length to diameter 
ratio, gives energy values close to the expected one. Curves referring to 
Counter J are not shown here for lack of space, a pertinent curve having 


been shown in another letter (see reference 2). 
6 Robert E. Marshak, Phys. Rev. 61, 431 (1942). 
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Note on the Rochester Cyclotron 
S. W. BARNES, A. F. CLARK, G. B. Cot.ins, C. L. Ox.ey, R. L. McCrEAry, 
J. B. Piatt, AND S. N. VANVOORHEES 


Department of Physics, University of Rochester, 
Rochester, New York 


February 7, 1949 


HE 130-inch cyclotron has accelerated protons out to a 
radius of 583” (approximately the »=0.2 point) or to 
an estimated energy of 240 Mev since the first of the year. 
Measurement of the C” activity of a carbon-tipped probe 
indicates average currents of about 0.1ua at this radius and 
radio-autographs of the target show the beam to be about 1” 
in height and well centered vertically on the probe. Eastman 
Kodak NTB plates placed along the probe show, among many 
proton recoil tracks, e~ and x* tracks. 

About 15 kw of r-f power for the Dee is furnished by a 
grounded grid oscillator with feedback through the Dee. 
The natural frequency of the Dee is varied from 26 to 18 
megacycles by a rotating condenser. The condenser which is 
in the Dee tank consists principally of a rotor of copper-plated, 
thin-toothed zircon disks mounted on a shaft parallel to the 
back edge of the Dee and a Dee stator which is on the back 
edge of the Dee. The magnetic drag of this rotor up to 2000 
r.p.m. is small compared to the power taken by the rotor 
shaft seals. The copper-plated ceramic disks already give 
promise of satisfactory life. 

Ion loading of the Dee is obviated by a negatively biased 
grid structure covering the linear above and below the Dee. 
Globar resistors break the grid into lengths too short to reso- 
nate to the Dee frequencies. 

This work was assisted by the joint program of the Office of 
Naval Research and the Atomic Energy Commission. 





Fluorescence of Anthracene Excited by 
High Energy Radiation* 
Louise RotH 


Purdue University, Lafayette, Indiana 
February 7,1949 


INGLE crystals of anthracene were prepared by a method 

similar to that of P. R. Bell! and used for scintillation 
counters. At the suggestion of K. Lark-Horovitz, the spectra 
of the scintillations produced by high energy bombardment 
have been studied and compared with the fluorescence bands 
produced by ultraviolet excitation. 


Spectrograms of the fluorescence excited by copper Ka- . 


radiation, 10-Mev deuterons, and a 10-millicurie radium- 
beryllium source were made with a small Hilger quartz 
spectrographs using Eastman 103-0 plates. For the spectrum 
with x-ray excitation a crystal was mounted at the tube slit 
at an angle of about 45 degrees to the beam, and the visible 
fluorescence was focused by means of an aluminum mirror on 
the collimator lens of the spectrograph. A similar mounting 
was used for bombardment with the cyclotron beam. For the 
radium-beryllium exposure the crystal was fastened over the 
spectrograph slit with the radiation source in contact with it. 
No attempt was made to distinguish between the effects of 
neutrons and gamma-rays. A five-minute exposure to x-rays 
with a 0.1-millimeter slit was sufficient to bring out the bands 
found. A ten-minute exposure was used with the deuteron 
beam and twenty-four hours with radium-beryllium. 

In each case three bands were observed between 4120 and 
4720A with the most intense band at 4440A. No other bands 
were found between 2500 and 5000A. The wave-lengths of 
band intensity maxima were determined. The values found 
agree with those observed using ultraviolet excitation to the 
same extent as the ultraviolet values agree among themselves. 
Wave-length values in Table I, with the exception of the 
writer’s, are for ultraviolet excitation. 

To correlate the known bands with the counting properties, 
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TABLE I. Wave-lengths of intensity maxima for anthracene. 








Intensity maxima in angstrom units 


4250 — 4490 4740 
4220 4380 4450 —_ 
4680 


4700 
4750 
4735 
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Gangulye 
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® Shishlovskii, Comptes Rendus 15, = (1937). 
+S. C. Ganguly, Nature 153, 652 (1944). 
¢S. C. Ganguly, J. Chem. Phys. 13, 128 (1945). 
4 Kortiim and Finkh, Zeits. f. physik. Chemie B52, 263 (1942). 
e P. Pringsheim, Trans. Faraday Soc. 35, 28 (1939). 


counts were taken with a series of Wratten filters placed be- 
tween the scintillating crystal and the 931-A photo-multiplier 
tube using a Co®* gamma-source at a constant distance from 
the crystal. Counts were taken at different pulse heights with 
and without each filter, and a graph of counts against dis- 
criminator setting was made. Since the discriminator setting 
fixes the minimum pulse voltage to be registered, it is propor- 
tional to the intensity of the weakest scintillations which are 
recorded. Thus it is possible to determine the transmittance 
for a given filter by determining the discriminator setting for a 
fixed number of counts with and without the filter. 

Nocounts above background occurred when the fluorescence 
range was blocked by filters. For Wratten filter 2-A the trans- 
mittance found experimentally was 0.74. According to the 
manufacturer, the average transmittance of this filter between 
4200 and 4700A is 0.78. The agreement is satisfactory; the 
slight difference may be due to the fact that the transparency 
of the filter drops rather sharply just below 4200A, whereas 
the fluorescence bands extend to about 4120A. 

The above investigations again point to the fact that the 
fluorescence of anthracene is particularly suited to scintilla- 
tion counting with a 931-A or 1P-21 photo-multiplier tube, 
which are most sensitive in the spectral range 3500—4500A. 

* Research carried out during the summer of 1948, supported in part by 


the Office of Naval Research and Signal Corps. 
1P. R. Bell, Phys. Rev. 73, 1405 (1948). 





The 6-Spectrum of H* 


G. C. HANNA AND B. PONTECORVO 


Chalk River Laboratory, National Research Council of Canada, 
Chalk River, Ontario, Canada 


January 28, 1949 


HE proportional counter technique previously described"? 

has been used to study the 8-spectrum of H?, an investi- 

gation of which has recently been reported by Curran et al. 

The two counters J and JJ described in reference 2 were used. 
The fillings are given in Table I. 
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TABLE I. Counter fillings used. 
Counter J Counter II 
Xenon 50 cm Hg 26 cm Hg 
Argon _ 14 cm Hg 
Methane 10 cm Hg 10 cm Hg 
Hydrogen ~1 cm Hg ~0.2 cm Hg 
H3 -~~7000 counts/min. -~30,000 counts/min. 
Ai? _ ~6000 counts/min. 








Both counters were operated at gas multiplication factors of 
several thousand. The absolute energy scale was obtained by 
firing into the counter a beam of Mo Ka-x-rays (17.4 kev) 
from a crystal spectrometer. In counter J this beam was 
parallel to the counter wire, in JJ perpendicular to it. The 
assumption that these energy calibrations were representative 
of the properties of the counter as a whole was checked directly 
for counter JJ by measuring the Mo Ka/A* pulse size ratio,* 
and is inferred for counter J from the agreement between the 
end point energy determinations in the two counters. 

The complete spectrum was investigated in counter J. 
Since counter linearity had to be maintained up to 20 kev, 
we were not able to use multiplication factors as high as those 
used in the investigation‘ of the Cl ZL; peak (280 ev). Conse- 
quently the amplifier noise was apparent at energies as high 
as about 600 ev. 

At the ends of the counter the multiplication falls off due to 
reduced field strength. Disintegrations occurring in this region 
will produce pulses of spuriously low amplitude. Clearly the 
shape of the spectrum is most affected at low energy. Due to 
lack of data the correction to be applied is uncertain, a fact 
which precludes a quantitative comparison of our results with 
Fermi’s theory in the region near the most probable energy 
(~2.5 kev). However the results agree with the theory within 
the limits of the correction uncertainty (~10 percent at 
1 kev). 

Above 5 kev the correction is very small, and close agree- 
ment with the theory is obtained (wall effects are negligible). 
We have concentrated on this energy region, in particular we 
have used both counters for a careful investigation of the end 
point. Using a biased amplifier, the spectrum above 15 kev 
was expanded over the pulse analyzer. The results were com- 
pared with Fermi’s theory, assuming a zero neutrino rest-mass. 
The theoretical distribution N(e) can be written as constant 
Xe(eo—€)?6(Z, €), where @ gives the Coulomb field effect.5 
In counter J the 17.4-kev calibration line was found to have a 
Gaussian shape of standard deviation = 700 ev, over a range 
of at least +3c¢. In counter IJ o was 1100 ev. The corrections 
to be applied for this line width were obtained by calculating 
the effect of a Gaussian spread on the theoretical distribution. 
A provisional value for the end point energy is adopted:** 
the corrected data are then used to redetermine the end point. 
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Fic. 2. “‘Kurie’’ plot of the end of the H® spectrum. The theoretical curve 
(shown dotted) corresponding to a finite neutrino mass of 500 ev (or 1 kev 
—see text) has been included for comparison. 
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A theoretical curve based on this new value is then used as 
before. The progress of successive approximations is extremely 
rapid. 

Figures 1 and 2 show the experimental and corrected points 
obtained using counter J. The fact that the corrected points 
lie on the assumed theoretical curve from which the correc- 
tions were computed means that our initial assumption of a 
zero neutrino mass is correct, within our limits of error. 

The dotted curve in Fig. 2 has been drawn to show the 
effect of a neutrino mass of 500 ev® (or 1 kev if a later modifica- 
tion’ of the theory is accepted). If this distribution were used 
to correct for line width, a smaller correction would result and 
the discrepancy between the corrected data and the dotted 
curve would be even more marked than shown in Fig. 2. 
Nevertheless, in view of the width correction magnitude and 
the finite (300 ev) pulse analyzer channel width, we do not 
feel justified in definitely excluding a finite value of 500 ev 
(or 1 kev) for the neutrino mass. 

Very similar results were obtained from the data of counter 
IT: there is again no evidence for a neutrino mass greater than 
zero. The corrections for line width, however, are greater than 
for counter J. 

The extrapolated end-point energy from the corrected data, 
is for counter J, 18.95, and for counter JJ, 18.9 kev. We be- 
lieve that the true end point is at 18.9(5) kev within +0.5 kev. 

The first publication* of Curran et al. gave a value of 16.9 
+0.3 kev. This has recently® been increased to 17.9+0.3 kev. 
Calibration lines (Cu and Ni K x-rays) of energy about one- 
half of the end-point energy were used. 

1D. H. W. Kirkwood, B. Pontecorvo, and G. C. Hanna, Phys. Rev. 74, 
497 (1948). 

2G. C. Hanna, D. H. W. Kirkwood, and B. Pontecorvo, Phys. Rev. 75, 
a 7 J. Angus, and A. L. Cockcroft, Nature 162, 302 (1948). 

* A387 gives a 2.8-kev calibration line which is truly representative, since, 


. H3, the disintegrations occur uniformly throughout the counter 
volume. 

K. rm Pontecorvo, D. H. W. Kirkwood, and G. C. Hanna, Phys. Rev. 75, 
982 (1949), 

5 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 375 (1946). 

** Fortunately the correction is small for points lying more than 1.5¢ 
away from the end point so that a fairly good value of the end point is 
available immediately from the extrapolation of a ‘‘Kurie’’ plot (Fig. 2) of 
uncorrected data. For example in counter J this value is greater by only 
300 ev than the one finally derived. 

6Q. Kofoed-Hansen, Phys. Rev. 71, 451 (1947). 

7J. R. Pruett, Phys. Rev. 73, 1219 (1948); C. S. Cook, M. L. Langer, 
and H. C. Price, Phys. Rev. 73, 1395 (1948). 

8S. C. Curran, J. Angus, and A. L. Cockroft, Phil. Mag. 40, 53 (1949). 





Ferromagnetic Alloys in the System 
Copper-Manganese-Indium 


ROBERT R. GRINSTEAD AND DON M. Yost 


Gates and Crellin Laboratories of Chemistry, 
California Institute of Technology, 
Pasadena, California 


January 28, 1949 


N a regent publication by Hames and Eppelsheimer on 
ferromagnetic manganese alloys, reference was made to 
an article by S. Valentiner,? who has reported the existence 
of ferromagnetic alloys in the system Cu-Mn-In, with a maxi- 
mum intensity of magnetization at the point CueMnIn. We 
have been working on this same system, and since the journal 
containing Valentiner’s report is not available as yet, we wish 
to report some of the results of our work. 

About fifteen alloys have been prepared, most of them con- 
taining a constant atomic ratio of 2Cu:1Mn and with the 
indium content increasing from zero in steps of 5 atom percent 
to 60 atom percent, the latter being the most recent prepara- 
tion. Except for the Cu-Mn binary alloys all of the specimens 
prepared were definitely ferromagnetic. No quantitative 
measurements of intensity of magnetization have yet been 
made; the Curie point of an alloy composed of copper, man- 
ganese, and indium in theapproximate atomic ratioof 45:20:35 
is about 250°C. 
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Our work has consisted mainly of thermal analyses, since the 
system had been previously unreported, and thorough knowl- 
edge of the phase relations was deemed necessary before 
proceeding to the measurement of magnetic and other proper- 
ties. In most cases, two or three breaks were observed in the 
cooling curves during solidification; however, in one, namely, 
for the alloy of composition corresponding to Cu2MnIn, only 
one break could be found. The plateau that followed was at 
about 617°C and probably indicates a compound or an eutetic 
mixture at this composition. 

Further thermal measurements are in progress, and it is 
intended to supplement them with microscopic examinations 
of the properly heat-treated alloys. By means of these data, it 
should be possible to determine whether a single phase is 
responsible for the magnetism, and if so, to determine its 
composition and temperature limits. However, in view of the 
large range of composition which exhibits ferromagnetism, it 
would not be surprising to find more than one magnetic phase 
in this system. 


1 Hames and Eppelsheimer, Nature 162, 968 (1948). 
2S. Valentiner, Naturwiss. 4, 123 (1947). 





Discharge of a Geiger Counter at Voltages 
above the Plateau 


H. R. CRANE 


Randall Laboratory of Physics, University of Michigan, 
Ann Arbor, Michigan 


January 17, 1949 


HEN a voltage higher than that corresponding to the 
upper end of the plateau is applied to a Geiger counter, 
a discharge occurs which is spoken of as continuous, but which, 
in fact, is a very rapid succession of pulses. I have been in- 
terested in trying to learn something about the mechanism 
by which a counter first breaks into such a discharge and the 
mechanism by which succeeding pulses are produced. It is 
difficult to see how the existence of the electric field can, of 
itself, produce the first electron or ion in order to initiate the 
breakdown. The onset of field emission from the cathode sur- 
face surely would not be expected to occur at the potential 
gradients dealt with in Geiger counters, and other mechanisms, 
for instance the pulling apart of atoms in the gas, also seem 
to be out of the question because of the magnitude of the field 
which would be required. 

Experiments I made some time ago seemed to substantiate 
the idea that high voltage alone cannot initiate the discharge. 
After allowing a counter to remain at its plateau or below for a 
few minutes, the voltage was suddenly raised to several 
hundred volts above the plateau. The first count after raising 
the voltage occurred substantially no sooner than it would 
have occurred under normal operation on the plateau. After 
the first count, further discharges came in rapid succession, 
as is normally observed above the plateau. 

Lately I have carried the experiment somewhat further. 
By means of a system of relays, timers, ete., a counter was 
put through the following cycle: voltage raised to some high 
value (above plateau); time measured to first discharge; 
voltage dropped back to one-half the high value immediately 
after first discharge; resting period allowed at half-voltage; 
voltage again raised to high value. Precautions were taken 
to prevent any surges produced by the relay contacts from 
reaching the counter. The apparatus ran automatically, and at 
least 300 cycles were recorded at each setting of the time and 
voltage. The average time between the raising of the voltage 
and the first discharge is plotted in the two graphs (see Fig. 1); 
the first showing the time as a function of voltage with con- 
stant resting period and the second showing the time as a 
function of resting period with constant voltage. Data on the 
counter tube used are; wire, 10-mil tungsten; cathode, brass 
i-inch diameter; gas, 9-cm argon, i-cm alcohol vapor. A 
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Fic. 1. Average time between raising of the voltage and the first dis- 
charge of a Geiger counter. be curve for constant resting period; lower 
curve for different resting periods and various constant voltages. Correction: 
The three curves in the lower part of the figure should have been labeled 
1600, 2000, and 2300 volts, respectively. 


Neher-Harper quench circuit was used. The plateau extended 
from 1000 to 1160 volts. The counter was housed in 2 inches 
of lead and was subject only to natural radiation background, 
which gave 20 counts per minute. This agreed with the average 
time for firing found with the relay scheme, when the voltage 
applied was within the plateau range. 

The results make it reasonable to suppose that in the region 
above the plateau, spurious discharges may be initiated by an 
after-emission of electrons or photons, due to activation of the 
surfaces or gas produced by the previous discharge, rather 
than by ionization produced directly by the application 
of the high voltage. Since the curves show that in some cases 
it requires seconds for the after-emission to die away, it does 
not seem possible to account for the effect on the basis simply 
of gas ions which fail to be collected during the resting period. 
Activation of the metal or gas would be expected to depend 
strongly upon the kinds of materials present and to increase 
with increasing intensity of discharge. It appears to decay 
in a way similar to radioactive decay, as is indicated by the 
second set of curves. It would not be sensible, however, to 
try to derive the decay law of the after-emission from the 
curves because of the complexity of materials in the counter. 

It should not be assumed that meager results presented here 
are representative of all counters, since only one example 
was used, but the measurements do indicate a line of investiga- 
tion which well might lead to methods of increasing the width 
of the Geiger counter plateau. 

I am grateful to Professors W. C. Parkinson, M. L. Wieden- 
beck, R. W. Pidd, and L. Madansky for helpful discussions. 





High Multiplication Proportional Counters 
for Energy Measurements 


G. C. Hanna, D. H. W. Kirkwoop, AND B. PONTECORVO 


Chalk River Laboratory, National Research Council of Canada, 
Chalk River, Ontario, Canada 


January 24, 1949 
EVELOPMENTS have been reported recently in the 
application of proportional counters to the detection! 
of electrons and to the measurement?® of electron or §-ray 
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TABLE I. Typical counters used. 
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TABLE II. Experimental results from counter J. 








Counter I Counter II 





Effective length 30 cm 20 cm 
Cathode diameter 2.5 cm 5 cm 


Wire diameter 0.01 cm 
“Xenon” filling 26 cm Xe, 14cm A, 10cm CHa 
40 cm A, 12 cm CHa 


0.01 cm 
50 cm Xe, 10cm CH 


(cm Hg) 
“Argon” filling 40cmA, 12cm CHs 


(cm Hg) 


. Estimated mean 
number of ion 
pairs released 
by radiation, 2 


Observed standard 
deviation 
(% of pulse size) 
17,400 700 (4.0 402% 
2800 110 (8.8{ 19:3)% 
~250 ~10 (36 +4)% 


Radiation 
— (ev) 











energies particularly in the low energy range (200 to about 
50,000 ev). We describe here the essentials of the technique 
used in the investigation of L-capture? in A® and the H? 
spectrum,‘ and discuss the problems of linearity and “‘line- 
width.” It is concluded that the energy resolution is better 
than predicted by current theories. 

Counters are connected to a fast, stable, linear amplifier 
feeding a 30-channel pulse analyzer.’ A signal generator feeds 
pulses of known size into the counter through a small capacity, 
enabling the multiplication factor to be measured. All energy 
measurements are made in terms of signal generator output: 
this avoids the effects of any amplifier non-linearity, and, 
further, facilitates the use of a biased amplifier to obtain an 
expanded view of any part of a spectrum. 

Two typical counters used are described in Table I. 

Two calibrating radiations were used: MoKa-x-rays (17.4 
kev) from a crystal spectrometer, and, from the decay of A” 
by K-capture, radiation of energy 2.8 kev (the Cl K ionization 
potential). Another line at about 250 ev (the Cl L ionization 
potential) was also available* from the A” decay. (See Fig. 1.) 
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Fic. 1. Peaks produced by ~250-ev, 2.8-kev, and 17.4-kev radiations 
showing the decrease in percent width with increasing energy. The straight 
lines refer to the signal generator calibration. Precise measurements of 
widths, however, were made. using a biased amplifier to spread the 2.8-kev 
and 17.4-kev peaks over many channels of the pulse analyzer. 


The linearity of gas amplification was established within 
the experimental accuracy of 2 percent, by measuring (in 
counter JJ) the ratio of the mean pulse sizes produced by the 
17.4- and 2.8-kev radiations. Further, the widths of the peaks 
were found to be independent of the gas multiplication M up 
to a critical value M., which is a function of the radiation 
energy E, where the widths suddenly increased. For M>M, 
lack of linearity was apparent. These facts strongly suggest 
that proportionality is maintained up to that multiplication 
factor which produces a certain total output pulse, that is 
EX M,=constant, which in this counter was about 108 ev.* 
It follows, and may be specially noted, that for low energy 
measurements correspondingly large multiplication factors 
may be used. 

Correcting for the low energy tail, the shape of the peaks 
produced by the 17.4- and 2.8-kev radiations was found to be 
Gaussian, at least over an energy range (+3 standard devia- 
tions) where background fluctuations do not disturb the 
measurements. 

Since this spread is due not only to statistical fluctuations, 
but also to instrumental causes (such as irregularities in wire 
diameter), we cannot conclude that the “ideal” peaks (i.e., 
peaks with a spread due to statistical causes only) would be 
Gaussian. However, it seems almost certain** that the ob- 
served value of the standard deviation obtained by fitting the 
experimental data to a Gaussian distribution will give an 
upper limit to the standard deviation of the corresponding 
“ideal’’ peak. 

The theories of Snyder and Frisch® give a mean square devia- 
tion at the output, referred back to the initial :umber of ions, 
n, equal to (n/K)+n. K is a constant discussed by Fano’ and 
may be about 3. The first and second terms represent, respec- 
tively, the fluctuation in the initial number of ions and the 
contribution added by the statistics of the multiplication 
process. 

The experimental results from counter J, which is one of our 
counters giving the least spread, are presented in Table II. 

The results are most consistent with a mean square devia- 
tion of n. Since K is unlikely to be very great,*** and in any 
case the observed values represent lower limits for the mean 
square deviation, our results show definitely that the gas 
amplification introduces less spread than predicted. An at- 
tempt to' formulate a more accurate theory of the process is 
being made in this Laboratory. 

1 Bruce B. Benson, Rev. Sci. Inst. 17, 533 (1946); C. J. Borkowski and E. 
Fairstein, Phys. Rev. 74, 1243 (1948); these authors also mention the 
er ie of peering B- qu energies. 


Kirkwood, B. Pontecorvo, and G. C. Hanna, Phys. Rev. 74, 
as viogsy! S.C. Curran, J. Angus, and A. L. Cockcroft, Nature 162, 302 


75, *B.-Pontecorvo, D. H. W. Kirkwood, and G. C. Hanna, Phys. Rev. 
. C. Hanna and B. Pontecorvo, Phys. Rev. 75, 983 (1949). 

: C. H. Westcott and G. C, Hanna, Rev. Sci. Inst. 20, 181 og ong 

* The condition is certainly less stringent than this when the original 
ionization is spread over a as distance. 

** In principle this conclusion is not certain because the “ideal” distribu- 
- — be a pointed curve with extremely long tails which would evade 

etection 

* Hartland S. Snyder, Phys. Rev. 72, 181 (1947); . R. Frisch, The 
Statistics of Multiplicative agi - = unpublish 

7 Ugo Fano, Phys. Rev. 72, 26 (19: 

*** Previously (see reference 2) we a value for K of at least 2.4, 
assuming the validity of the Snyder formula. This might —— bees in good 
agreement with Fano’s estimate. Our better accuracy would now yield 
impossibly high values for K. 
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Scattering of High Energy Neutrons by Protons 
with Non-Central Interaction 


K. N. Hsu ano T. M. Hu 
University College, London, England 
February 4, 1949 


ALCULATIONS have been made by several authors!~* 
for the scattering of high energy neutrons by protons, 
using various forms of interactions. Bethe and Camac! have 
shown that with a purely central interaction of the spherical- 
well type, both the angular distribution and the total cross 
section for 80 Mev neutrons can be correctly predicted if the 
range is assumed to be 2.0 10- cm. Similar results have been 
reported by Barker? for an exponential-well type of potential 
with range 1.0 10-" cm. If a non-central interaction of the 
spherical-well type is assumed, it is found that while the ob- 
served angular distribution can be approximately reproduced 
ifa purely exchange interaction is used, the total cross section 
is much larger than the empirical value.** In these calcula- 
tions, the range is assumed to be 2.8X10-" cm. If the same 
range is used for both the tensor and the central part of the 
interaction, it is not possible to reduce the range much.’ 
Furthermore, a detailed investigation with the Born’s approxi- 
mation by Burhop and Yadav* shows that due to the rapid 
increasing of the tensor interaction, reduction of the range 
may even cause the total cross section to increase. It seems 
desirable to try other types of radial variation of the inter- 
action. In this work, we wish to report the results of similar 
calculations for 83 Mev neutrons with Yukawa and exponen- 
tial-well type of interaction. 
The potential for even states is assumed, 


Veven(?) =— {A +43B —G5— 1)+ CSi2} Vir/ro) 
where, for Yukawa well, 


Vir/ro) = (ro/r)e*'* 
ro=1.18-10- cm 
A=10.4 Mev, 


and for exponential well 


V(r/ro) =e7*'"0 
ro=1.74-10-8 cm 
A=85 Mev, B=6.26 Mev, C=70 Mev. 


The ranges in both cases are consistent with the results of 
proton-proton scattering experiments. The constants for 
exponential well are those calculated by Massey and Hu’ and 
those for Yukawa well are determined by one of us (K. N. 
Hsu). 

For odd states, the potentials are fixed by the assumed ex- 
change property of the interaction. We have studied the usual 
alternatives, namely, the exchange property is either similar 
to that predicted by the charged or the symmetrical meson 
theory. It is interesting to note that in the case of the Yukawa 
well of the assumed range, the charged theory will predict a 
stable *P» state lower than the *S,+ 8D, state, in direct con- 
tradiction to the experimental fact that the deuteron has 
spin unity. This case is still included in the calculation for the 
interest of comparison with other cases. 

The results are given in Fig. 1 and Table I, together with 
the results for the spherical-well case obtained by Massey, 
Burhop, and Hu.5 It is clear from the figure that angular dis- 
tribution varies considerably with the shape of the potential 
well. From the preliminary reports of the measured angular 
distribution,* the Yukawa well with the symmetrical inter- 
action fits the empirical results better than the other two 
shapes of interaction. The total cross section is not sensitive 
to the shape of the interaction provided a reasonable range is 
chosen for a given shape. The values given in the table are 
much larger than the empirical value for all shapes of well 
with exchange or symmetrical interaction. 


B=—18.25 Mev, C=79.6 Mev, 
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ANGLE OF SCATTERING IN CM. SYSTEM 
Fic. 1. Angular distribution of scattered neutrons. 


One of the obvious ways to reduce the total cross section is 
to assume that the nucleons do not interact in odd states.* 
Total cross sections calculated under this assumption are 
given in the last column Table I. This assumption, however, 
will predict an angular distribution perfectly symmetrical 
with respect to the plane @=2/2, which does not seem to 
agree very well with the measured distribution.’ Analysis 
of the proton-proton scattering experiments also indicates a 
repulsive interaction for *P states.® 

Another possible modification is to assume different ranges 
for the central, tensor, and singlet interactions. This view is 
supported by the scattering experiments of thermal neutrons 
by para- and orthohydrogen molecules'® and the coherent 


TABLE I.’ Total cross section for 83 Mev neutrons in 10-% cm?, 











No inter- 
action in 
odd states 


Experiment 
(90 Mev)* 


Sym- 
metrical Exchange 





Yukawa 14 17 11 
Exponential 13 15 9.4 
Spherical well 14 16 _ 


8.3 40.4 











* Cook, McMillan, Paterson and Sewell, Phys. Rev. 72, 1264 (1947). 
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scattering of neutrons by NaH crystals." Investigations along 
this line are in progress in this department. A more detailed 
account of the present work may appear elsewhere. 

It is our pleasure to thank Professor Massey and Dr. 
Burhop for their interest in this work. We are much indebted 
to Miss K. Blunt for solving the simultaneous differential 
equations necessary for the calculation of the phases of the 
coupled states. Thanks are due to Mr. Yadav for his as- 
sistance in the calculation of the angular distribution for the 
exponential-well case. 


* This type of atamnation was first suggested by Serbe 

1M. Camac and H. A. Bethe, Phys. Rev. 73, 191 (1948). 

2 Barker, Nature 161, 726 (1948), 

3J. Ashkin and T. Wu, Phys. Rev. 73, 973 (1948). 

4G. F. Chew and M. L. Goldberger, Phys. Rev. i. 1409 (1948). 

5 Massey, Burhop and Hu, Phys. Rev. 73, 1403 (1948). 

6 Burhop and Yadav, Proc. 4 om Soc. (in 'press). 

7 Massey and Hu, Proc. Roy. Soc. (in press). 

8 Reported in the Birmingham Conference by R. L. Thornton, (1948). 
wae Richardson, Wright, and Shankland, Phys. Rev. 72, 

47). 

10 Sutton, Hall, Anderson, Bridge, DeWire, Labatelli, Long, Snyder, and 
Williams, Phys. Rev. 72, 1147 (1947). 

Shull, Wollan, Morton, and Davidson, Phys. Rev. 73, 842 (1948). 





Comparison of the Flow of Iostopically 
Pure Liquid He* and He‘ 


DARRELL W. OSBORNE, BERNARD WEINSTOCK, AND BERNARD M. ABRAHAM 
Argonne National Laboratory, Chicago, Illinois 
January 14, 1949 


N order to determine whether liquid He? has a transition 
to a superfluid state such as that exhibited by liquid He‘, 
the isothermal flow of isotopically pure liquid He* through a 
narrow channel or superleak has been studied from 3.02°K 
(0.18° below the normal boiling point?) to 1.05°K. The rate 
of flow of liquid He* was observed to decrease monotonically 
as the temperature was lowered. In contrast, the rate of flow 
of liquid He‘ through the same channel was observed to de- 
crease as the temperature was lowered, until the lambda-point 
(2.19°K) was reached, and below this point the rate rose very 
sharply. The mass rate of flow of the two isotopes as a function 
of temperature is shown in Fig. 1. From these results it is clear 
that no superfluid transition occurs in He? down to 1.05°K. 
The He® used in this experiment was obtained from the 
decay of tritium gas which had been initially freed from helium 
by passage through a palladium valve. After sufficient He* 
had grown in by decay, the bulk of the tritium was removed 
from it by means of a palladium valve, and the residual tri- 
tium was then removed by circulating the He® through a 
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Fic. 1. Mass rate of flow of liquid He® and of liquid He‘ through a 7 X10-* cm 
annulus, as a function of temperature. 
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U-tube immersed in liquid helium. No He‘ was detected in a 
spectrographic analysis of the sample (kindly performed by 
Mr. J. K. Brody). The limit of detection was estimated to be 
0.1 percent. 

The experiment was similar to that which Giauque, Stout, 
and Barieau* performed to measure the viscosity of liquid Het, 
The superleak was constructed by shrinking 0.05-cm i.d. 
Pyrex glass capillary around a platinum wire 0.013 cm in 
diameter and 5.5 cm long. On cooling, a narrow channel was 
formed due to the difference in the coefficients of expansion of 
the two materials. By measuring the rate of flow of He‘ gas 
through the leak at 4.22°K and at various pressures and by 
using the known viscosity‘ and virial coefficients’ of He‘ gas, 
the width of the annulus was estimated to be 7X 10-5 cm. The 
whole assembly was in the shape of long U-tube, which was 
supported vertically in the liquid helium cryostat, with the 
superleak near the bottom of one leg. The upper part of the 
superleak was connected to the filling system with 0.05-cm i.d. 
capillary. The other leg of the U-tube was expanded from 
0.05-cm to 0.20-cm i.d. above the helium bath level and went 
to the measuring system. To make a measurement, liquid He® 
or He‘ was condensed on top of the leak until a liquid height 
of a few mm was observed. The material that flowed through 
the superleak expanded into an 1100-cc volume, and the rate 
at which the pressure developed was observed with a Pirani 
gauge. A mercury diffusion pump was used to exhaust the 
measuring system prior to each rate measurement. The ex- 
haust gas from the diffusion pump was fed back to the filling 
system by means of a Toepler pump. 

Other experimenters*!° have looked for superfluidity of He’ 
by studying transport properties of dilute solutions of He? 
in He‘ at temperatures down to 1.5°K. However, as has been 
pointed out elsewhere,®" the absence of a superfluid state of 
He? can be demonstrated only by studies of the pure liquid. 
The present experiment with the pure liquid has demonstrated 
that there is no superfluid transition in He® down to 1.05°K, 
but the question remains as to whether this temperature is 
sufficiently low. In this connection, it should be noted that the 
lambda-transition of He* occurs at 0.52 times the normal 
boiling point, and that the vapor pressure at the lambda- 
point is 38.3 mm; whereas in this experiment no lambda- 
transition was observed in He* down to a temperature which is 
0.33 times the normal boiling point, where the vapor pressure 
is 11 mm.? In any case, the experimental results lend support 
to the hypothesis that the lambda-transition of He‘ is due to 
Boise-Einstein statistics. 

The authors are indebted to Professor J. W. Stout of the 
Institute for the Study of Metals, University of Chicago, for 
many helpful discussions. 
sas ‘ws Sydoriak, E. R. Grilly, and E. F. Hammel, Phys. Rev. 75, 303 

a * Abraham, Osborne, and Weinstock, ag ney results. 
as my Ba san J. W. Stout, and R. E. Barieau, J. Am. Chem. Soc. 61, 

4A. Van Itterbeek, and W. ‘HL Keesom, Commun. Leiden No. 252a; 


Physica’ Grav. 5, 257 (1938). 
t a Aes Keesom, Helium (Elsevier Publishing Company, Amsterdam, 
nc : 


¢ Daunt, Ficbet, Johnston, Aldrich, and Nier, Phys. Rev. 72, 502 (1947). 
as Ne Daunt, R. E. Probst, and H. L. Johnston, J. Chem. Phys. 15, 759 
8 Lane, Fairbanks, Aldrich, and Nier, Phys. Rev. 73, 256 (1948). 
(19 ie Daunt, R. E. Probst, and H. L. Johnston, Phys. Rev. 73, 638 
10 J, G. Daunt, R. E. Probst, and S. R. Smith, Phys. Rev. 74, 495 (1948). 
ein “wae and I. Pomeranchuk, Comptes Rendus, U.S. S. R. 59 (No. 4) 





Yields of Some Photo-Nuclear Reactions 


M. L. PERLMAN* 
Research Laboratory, General Electric Company, Schenectady, New York 
February 7, 1949 


_ has been shown that in the neighborhood of mass number 
60 a transition occurs in the relative yield values for the 
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TABLE I. Yields relative to N“(7, 2)N® yield as unity. 








Relative yield 





Product Product betas and 
Reaction half-life energies (Mev) 100 Mev 590 Mev 
sCr©(y, m)2aCr 42 min. t1.45 13 12 
st e™(y, 2)2eF eS 8.9 min. pte 15 15 
wNi8(y, m)2sNi? 36 hr. ad >6.3 >6.0 
9Cu®(y, ”)29Cu% 12.8 hr. 8*0.66(15%) 41 , 32 
B-0.58(32%) 
Kea (53%) 
wZn(y, 2)s0oZn 38 min. B*0.5(1%) 26 26 
1.4(7%) 
2.4(85%) 
Ke (7%) 
32Ge"6(-y, m)32Ge"> 89 min. 1A 54 
531!27(-y, m)531126 13 days a >29 >30 
s9Pri4l(-y, 2)s9Pri0 3.5 min. 8*2.40 73 76 
2Ge"4(y, p)31Ga"s 5 hr. B-1.4 25 
Ge (+, pn):1Ga®8 68 min. Bt1.9 3.4 








® Energy not known but self-absorption of betas found to be small in 
this case. 

b The writer is indebted to Dr. G. Friedlander for the information that 
Ni5?7 decays by K-capture as well as by positron emission. 

eH, Bradt et al., Helv. Phys. Acta 19, 219 (1946). 

4C. S. Cook and L. M. Langer, Phys. Rev. 74, 1241A (1948). 

_— Medicus, Preiswerk, and Steffen, Helv. Phys. Acta 20, 495 
(1947). 


(y, 2) reaction induced by 100-Mev and by 50-Mev x-rays. 
For reactions studied on nuclides of mass number less than 
60, the (y, ) yield values relative to the yield of the reaction 
N**(y, 2)N vary from 1 to 6; in the range of mass numbers 
between 60 and 120 yield values vary from 33 to 46. The one 
(y, 2) reaction investigated above mass number 121, 
Re!87(y7, n)Re!86, has a yield of 85. 

Further work has now been done with (y, 2) reactions in the 
vicinity of mass number 60. Measurements have been made 
also on two additional (y, ”) reactions in heavy elements. 
Incidental to this work, data on two other reactions have been 
obtained. The experimental method, which has been described 
in detail,! depends upon the measurement of the radioactivity 
of product nuclei. New results are summarized in Table I. 
The yield of the reaction N'*(y, 2)N® has been taken as unity 
at each x-ray energy. 

To avoid the possibility that yield values for the first two 
reactions listed might be in error because of the production of 
Cr*® and Fe®* by (vy, 3”) processes from Cr® and Fe®*, whose 
abundances are roughly 15 times those of Cr®® and Fe™, ma- 
terials enriched? in Cr®® and in Fe were used for targets. 
It has been assumed that the measurement of the Cr*® and 
Fes activities was not complicated by the decay of daughters 
V*9 and Mn® in the two cases, respectively. This assumption 
is in agreement with what is known about V and Mn activities; 
if, however, the half-lives of V*® and Mn® are short compared 
with those of Cr*® and Fe®*, the yield values in these two in- 
stances are too large by a factor 2. The yield values in the 
Ni and I cases are lower limits because of uncertainties in the 
decay schemes of Ni®’ and I!*6, The data for the three reactions 
in which isotopes of Ge are parents were obtained by meas- 
urement of chemically separated Ga and Ge fractions from a 
bombarded sample of pure GeOz. The time elapsed between 
end of bombardment and measurement of activity was too 
great to permit observation of 20-minute Ga”. The yield value 
for the reaction Ge?®(7, 2)Ge™ may be perhaps 10 percent 
large if Ga™, the product of a (y, ) reaction, is short-lived 
compared with Ge’, 

The data for the Cr, Fe, and Ni(y, 2) reactions would make 
it seem that the increase in the (vy, 2) yields in the vicinity 
of mass number 60 occurs over a range of mass numbers per- 
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haps as great,as 15. The yield for the reaction Pr (+, m)Pr'*° 
is high compared with yields for lighter nuclides. This is true 
also for the Re reaction previously studied; it may be that 
(y, m) yields values will show another general increase in the 
vicinity of mass number 130. The correlation between (vy, 2) 
yields with 50-Mev and with 100-Mev x-rays is not unex- 
pected ; it has been found that quanta having energies greater 
than 50 Mev do not contribute very much to the (7, 2) yields 
in the two cases thus far investigated.** 

The yield for the only (vy, pm) reaction investigated is of 
the same order as (y, p) yields. It may be pointed out in com- 
parison that in the three (y, 2”) cases for which data are 
available yields are at least a factor 10 smaller than (vy, 2) 
yields at corresponding mass numbers and, moreover, that the 
known (vy, 2p) yields are smaller by a factor approximately 20 
than (vy, p) yields.! 

The writer is indebted to Dr. G. Friedlander for stimulating 
discussions. He wishes to express his appreciation to Dr. E. E. 
Charlton for his cooperation and to Mr. G. Jaffe for his 
valuable assistance. 

* Present address: Department of Chemistry, University of Wyoming, 
Laramie, Wyoming. 

1M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 

2 The isotopically enriched materials were produced by the Carbide and 
Carbon Chemicals Corporation, Y-12 Plant, Oak Ridge, Tennessee, and 


were obtained on allocation from the Isotopes Division, U. S. Atomic 


Energy Commission. 
3G. C. Baldwin and G. S. Klaiber, Phys. Rev. 73, 1156 (1948). 
4J. L. Lawson and M. L. Perlman, Phys. Rev. 74, 1190 (1948). 





Dielectric Constant of Barium Titanate 
at High Temperatures 


SHEPARD ROBERTS 


Research Laboratory, General Electric Company, 
Schnectady, New York 


January 31, 1949 


OR some time it has been thought that the dielectric con- 

stant of barium titanate at temperatures above the Curie 

point (120°C) could be accurately represented by the Curie- 
Weiss law.!~* 

















K=C/(T-—T.), (1) 
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Fic. 1. Reciprocal of (K —Ko) %ersus temperature for 
different values of Ko 
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TABLE I. Dielectric constant (K) and loss (tané) of barium titanate 
at one megacycle. 











Temp. °C K tané Temp. °C K tané 
25 1525 0.009 150 2450 0.002 
50 1413 0.011 175 1610 0.001 
75 1440 0.010 200 1190 0.001 

100 1750 0.014 225 933 0.002 
110 2450 0.016 250 761 0.002 
115 5070 0.013 275 656 0.007 
120 5070 0.009 300 572 0.016 
125 4430 0.006 325 506 0.040 
130 3820 0.004 350 457 0.087 
140 2970 0.003 








where C and T. are parameters suitably chosen to fit the ex- 
perimental data and T is the temperature. 

However, a new parameter has been introduced in this 
equation in a more recent article.® 


K=Kot+C/(T-T-), (2) 


where Ko is thought to be the dielectric constant of barium 
titanate at extremely high or extremely low temperatures. 
A value of 350 was quoted for Ko, since the dielectric constant 
reached this value at temperatures near absolute zero. Pre- 
viously published data, extending only to about 200°C, may 
be interpreted by either equation since the choice of Ko is not 
critical in this range of temperature. The object of the present 
note is to report measurements of dielectric constant of barium 
titanate up to much higher temperatures and from these data 
to determine the value of Ko directly. 

Table I shows results of measurements of dielectric constant 
and loss of barium titanate ceramic at temperatures up to 
350°C. The frequency was one megacycle and the sample was 
of commercial purity. 

In order to find the value of Ko, which most closely fits 
the experimental data, the reciprocal of (K—Ko) is shown 
plotted versus temperature for different values of Ko (see Fig. 
1). According to Eq. (2), the points corresponding to the cor- 
rect choice of Ko should lie on a straight line. This occurs when 
Ko=0 and clearly fails when Ko=100 or 300. The line deter- 
mined by the experimental data, assuming Ko=0, is so accu- 
rately straight that one can estimate the value of Ko to be less 
than 10, if it exists at all, a value quite negligible compared to 
the dielectric constant measured at ordinary temperatures. 

These results at a frequency of cne megacycle indicate that 
Eq. (1) gives a perfectly satisfactory interpretation of the 
experimental data for temperatures above 150°C. For tem- 
peratures nearer the Curie point, there are slight deviations 
which are not consistent with either equation. 

1D. F. Rushman and M. A. Strivens, Trans, Faraday Soc. 42A, 231 
OD wul, J. Phys. U.S.S.R. 10, 95 (1946). 

3S. Roberts, Phys. Rev. 71, 890 (1947). 

4G. H. Jonker and J. H. Van Santen, Chem. Weekblad 43, 672 (1947); 


Nature 159, 334 (1947) 
5 W. P. Mason and B. T. Matthias, Phys. Rev. 74, 1622 (1948). 





Fission Fragment Energies in U?** and U??3 


D. C. BRUNTON AND G. C. HANNA 


Chalk River Laboratory, National Research Council of Canada, 
Chalk River, Ontario, Canada 


January 18, 1949 


ANY measurements have been made of the energy dis- 
tribution of fission fragments.!~? Among these, several 
experiments** have used a coincident pulse technique. In 
particular, Deutsch and Ramsey® have compared the energy 
distributions from U** and Pu**, Thé present experiments 
were undertaken to extend this comparison to U® and to im- 
prove the statistical accuracy of the results. 
A double ‘‘back-to-back”’ ionization chamber was used with 
a thin source mounted on the common cathode. Electron col- 
lection was employed with Frisch grids shielding the collecting 
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Tasxz I. Slow neutron fission in U5, 











Flam- 
: ersfeld, 
Jentschke Jensen, Deutsch Fowler Present 
an and an and experi- 
Prankl Gentner Jentschke Ramsey Rosen ment 
Most probable energy 91 92 92.5 94 92.5 92.7 
of light group (Mev) 
Most probable en 7 ol 57 59 65 60 61.2 59 
of heavy pag ev) 
Ratio of most prob- 1.60 1.56 1.47 1.57 1.51 1.57 
able energies 
Most probable mass — _— —_ 1.49 —_ 1.485 
ratio of coincident 
pairs (on an equal 
ratio-interval curve) 
Width at half-maxi- 17 15 13 12 15 12 
mum of high energy 
peak (Mev) 
Width at half-maxi- 22 19 20 19 24.5 20 
mum of low energy 
ev 
Ratio of peak heights 1.3 1.22 1.49 1.57 1.46 1.37 
Foil thickness ~0.03 ~0.01 0.04 0.012 0.029 0.014 


(mg /em?) 








electrodes.’ Fragments in a small energy interval were selected 
from one side of the chamber by an electronic “gate’’ and the 
energy distributions of the coincident fragments from the 
other side were recorded on a thirty-channel pulse analyzer.® 
Energy measurements were made at the collecting electrode 
(to eliminate the effects of any amplifier non-linearity) by 
comparison with artificial pulses fed in at this point from a 
pulse signal generator. The absolute energy calibration of the 
signal generator was obtained by using the natural a-particles 
from the sources and assuming that the mean energy spent 
per ion pair in argon is the same for fission fragments and 
a-particles. 

The fission source was a collodion film of ~14 yg/cm? con- 
taining 3-5 ywg/cm? of U dissolved in it and mounted on a 
0.01” collimator plate with 0.01” collimator holes. Thus the 
fragments were collimated in only one chamber but the count- 
ing of only coincidence pulses effectively produced an equal 
collimation in the other chamber. The neutron source was the 
thermal column of the Chalk River pile. 

The energy distribution was measured, first with the energy 
gate wide open so that the whole range_of fission energies was 
recorded. The result was the usual double-humped curve. 
Then the energy gate, 5 Mev wide, was set on the low energy 
end of the distribution and the coincident pulses recorded. 
The position of the gate was increased in 5-Mev steps to cover 
the whole spectrum and in each case the corresponding dis- 
tribution recorded. 

The results of these gated runs are interesting. When the gate 
is set on the heavy fragment group, the energy distribution of 
the corresponding light group is almost independent of the 


FISSION MODES IN U*39 


‘f 
/ 
sy 


‘ 





Fae SG a et ee: : ‘ : ° 
169167 6462 160157 155 2 49 MS «42 138 33 2 124 18 MASS OF HEAVYFRAGMENT:Ma , 
Verena ne & oF “= 63 03 7 12 “8 MASS OF LIGHT FRAGMENT «My 


Fic. 1. Contour diagram for the fission modes in U5, 
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Tasiz II Comparison of slow neutron fission in U2*, U2, and Pu. 











a 
’ an 
Preserit experiment Ramsey 
Us U2 Pu 
Most probable energy of the light fragment (Mev) 91.2 92.7 93 
Most probable energy of the heavy fragment (Mev) 55.5 59 65 
Ratio of most probable energies a 1.64 1.57 1.43 
Most probable mass ratio (from an equal ratio in- 1.60 1.485 1.32 
terval curve) 
Width at half-maximum of high energy peak (Mev) 14 12 12 
Width at half-maximum of low wpe’ peak (Mev) RB . R. . a 
. total energy ° ° 
Most probable fission mode jot ratio 164 «1.37 1.43 








position of the gate and conversely. For example, a shift of 
25 Mev in the gate position produces a total shift in the mean 
energy of about 4 Mev and a change of Width of the distribu- 
tion of about 1.5 Mev. Moreover, this shift is such that as the 
gating energy is increased, the energy of the corresponding 
distribution maximum also increases. Hence, the usual double- 
peaked fragment energy curve is not, even approximately, 
a simple inversion of the double-peaked mass curve. 
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Fic. 2. Contour diagram for the fission modes in U3, 


Comparison of the present results on U** with that of pre- 
vious experiments is given in Table I. 

A comparison of slow neutron fission in U5, U2, and Pu? 
is given in Table II. 

The experimental results for U2** and U** are presented in 
the contour diagrams, Figs. 1 and 2. The contour lines repre- 
sent relative frequency of occurrence of the fission modes. 
Figure 3 shows the variation of total kinetic energy with mass 
ratio. Energy calculations from nuclear masses predict a 
maximum in the total energy (kinetic+ excitation energy) for 
unity mass ratio. Since the kinetic energy decreases as the 
mass ratio decreases below 1.25, the fraction of excitation 
energy must be increasing rapidly in this region. In this regard, 
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Fic, 3. Variation of total kinetic energy with mass ratio for U%* and U*, 
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Katcoff, Miskel, and Stanley! working on the range distribu- 
tions of plutonium fission fragments have interpreted their 
results to indicate a decrease in kinetic energy in the vicinity 
of a ratio of 1.2. 

This work will be submitted in greater detail for publication 
in the Canadian Journal of Research. 


1M. H. Kammer and H. H. Barschal, Phys. Rev. 70, 372 (1940). 
2 W. Jentschke and F. Prankl, Zeits. f. Physik 119, 696 (1942). 
3 W. Jentschke, Zeits. f. Physik 120, 165 (1943). 
a ‘ a Flammersfeld, P. Jensen, and W. Gentner, Zeits. f. Physik 120, 450 
5M. Deutsch and M. Ramsey, MDDC-945 (1945). 
6 J. L. Fowler and L. Rosen, Phys. Rev. 72, 926 (1947). 
7D. H. Frisch, LADC-146. 
8 T. E. Cranshaw and J. Harvey, Can. J. Research, July 1948. 
°C. H. Westcott and G. C. Hanna, Rev. Sci. Inst. 20, 181 (1949), 
10S. Katcoff, J. A. Miskel, and C. W. Stanley, Phys. Rev. 74, 631 (1948 





Energies of Heavy Nuclei in Cosmic Rays 


PHYLLIS FREIER, EpwarD P. Ney, AND FRANK OPPENHEIMER 


Department of Physics, University of Minnesota, 
Minneapolis, Minnesota 


January 27, 1949 


N Table I we have summarized for fifteen heavy nuclei! the 
velocity on entering plates, nuclear charge, and calculated 
energy per nucleon at the top of the atmosphere. This latter 
quantity has been obtained by taking into account the ob- 
served angle in the photographic emulsions and the altitude at 
which the balloon spent the majority of the time. Inasmuch 
as it usually takes the balloon only about 25 minutes to'rise 
from 70,000 to 90,000 feet and the balloon then remains aloft 
for three to five hours, we presume that the majority of the 
measured flux is recorded at the higher altitudes. 

Inspection of Table I shows that a fairly large number of 
the measured nuclei had the rather low energies of 0.5 to 0.7 
Bev upon entering the atmosphere. If we take into account the 
charge-to-mass ratio of the incoming particles, we find (using 
Vallarta’s* curves distributed June, 1948) that no nuclei with 
energies less than 0.5 Bev/nucleon can enter the earth’s 
magnetic field from the vertical at a latitude less than 51°N 
magnetic latitude. Shadow effects will presumably have com- 
pletely disappeared for this energy at about 55°N magnetic 
latitude. The flights were made from Camp Ripley, Minnesota, 
i.e., at 55°N magnetic latitude. 

Our results, therefore, suggest that the sun’s magnetic field 
does not produce an energy cut-off noticeable at latitudes less 
than 51° and probably is not cutting off any particles even at 
the flight latitude of 55°. 

Some indirect evidence substantiates this conclusion. The 
measured total flux of heavy nuclei for Z greater than 10 is 
2.1+3X10-*/cm?-sec.-ster. assuming 100 percent detection 
efficiency of the emulsions for these nuclei. If we compare this 
flux with the flux given by V-2 rocket data* at 41° magnetic 


TABLE I, Summary of data on electric charge, entrance velocity, and energy 
per nucleon at top of atmosphere, for 15 heavy cosmic-ray particles. 











B=0/c Energy/nucleon 
on entering at top of _ Angle 
mz plates atmosphere with vertical 
11 0.63 0.5 Bev/nucleon 15° 
14 0.86 1.1 2 
20 0.8 1.1 42° 
26 0.85 1.3 y Ld 
17 0.61 0.6 38° 
12 0.53 0.8 71° 
12 0.69 0.6 24° 
41 0.8 1.2 30° 
15 0.7 0.71 45° 
13 0.7 0.61 35° 
19 0.7 0.83 48° 
12 0.55 0.54 41° 
22 0.6 1.2 68° 
10 0.6 0.45 10° 
20 0.6 1.0 64° 
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latitude, we find that there are 450 protons for each nucleus of 
Z greater than ten. If, on the other hand, we use Harrison 
Brown’s data on natural abundances of the elements to esti- 
mate the relative flux of nuclei, we would expect about 2000 
protons for each such heavy nucleus. This inconsistency can 
be removed if we assume that the flux of protons increases be- 
tween 41° and 55° latitude, rather than remaining constant as 
would be indicated by the sea level latitude effect or the sup- 
position of a 50-gauss sun’s magnetic field. 

We have used Millikan’s‘ data on the increase of total 
ionization at high altitudes between 41° and 56°N magnetic 
latitude to estimate the increase in primary flux. Millikan’s* 
data would indicate that the flux increased by a factor of very 
roughly five in this interval and is consistent with a differen- 
tial power law with an exponent —2.3. If this interpretation of 
Millikan’s data is correct, then our measured flux of heavies 
with atomic number greater than ten would be consistent with 
Harrison Brown’s® estimates of the relative abundance of the 
elements. 

In order to throw further light on the problem presented 
here and to definitely exclude the possibility that some of the 
observed nuclei penetrate the magnetic field only partially 
stripped of orbital electrons, we plan to make flights at more 
southerly latitudes. 

This work has been supported by the Office of Naval Re- 
search. 

1 Bradt and Peters, Phys. Rev. 74, 1828 i948); Freier, Lofgren, Oppen- 
heimer, and Ney, Phys. Rev. 74, 1818 (1948) 

2M. S. Vallarta, Phys. Rev. 73, 245 (1948). 
3J. A. Tatel and H. E. Van Allen, Phys. Rev. 73, 245 (1948). 


4 Millikan, Neher, and Pickering, Phys. Rev. 66, 295 (1944). 
5 Harrison Brown, private communication. 





Determination of e/m from Recent Experiments 
in Nuclear Resonance 
H. A. THomas, R. L. Driscoiit, AND J. A. HIPPLE 


National Bureau of Standards, Washington, D. C. 
January 31, 1949 


N a recent experiment reported by H. Taub and P. Kusch,! 
the g value for the proton was measured relative to the 
atomic g factors of some of the alkali atoms with improved 
accuracy by the molecular beam method. Their result is 
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Fic. Experimental determination of e/m. The values reading from 
top to Bn are: 1. The value reported here. 2. Least es fitted value 
(DuMond and Cohen). 3. Recalculated Birge value (1941). 4. Goedicke 
(1939). 5. Shaw (1938). 6. Dunnington (1933, 1937). 7. Kirchner (1931, 
1932). 8. On left. Kinsler and Houston (1934). posting for the new value 
of the electron moment (P. Kusch and H. M. Foley, Phys. Rev. 73, 412 
(1947); J. Schwinger, Phys. Rev. 73, 415 (1948)), this value is revised to 
1. 75908 +. 0007 which is in agreement with the other values. 9. On right. 
Perry and Chaffee (1930). 
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gu = 30.4211 10-*+.005 percent. Combining this value with 
our recent measurement? of the absolute value of the gyro. 
magnetic ratio of the proton, which gave a value yp= (2.6752 
+.0002) x 10, a more precise value of e/m=2yp/gH = (1.75878 
+.00016) X 10’ is obtained. 

A comparison of this value with other experimental values 
summarized by DuMond and Cohen? is shown in Fig. 1. 
Work is proceeding to improve the accuracy of the proton 
gyromagnetic ratio which will, in turn, lead to a more precise 
value of e/m. 

1H. Taub and P. Kusch, Bull. Am. Phys. Soc. 24, No. 1, A wea (1949), 


2 Thomas, Driscoll, and on Phys. Rev. 75, 902 (1949 
3J.W. M. DuMond and E. R. Cohen, Rev. Mod. Phys. 20, 82 (1948). 





Erratum: Acoustical Birefringence 
[Phys. Rev..74, 1889A (1948)] 


W. J. PRICE 
Rensselaer Polytechnic Institute, Troy, New York 


URTHER consideration has shown that in ammonium 
dihydrogen phosphate a transverse mode with wave 
normal in the 011 direction and polarization in the 100 direc- 
tional will travel in a direction lying in the X plane and making 
an angle of 7° with the wave normal. In the above abstract it 
was stated erroneously that this mode should travel along the 
wave normal. With this present consideration it follows that 
all three modes with wave normals in the 011 direction of 
ADP travel in directions making angles different from zero 
with the wave normal. 





“Cross-Over Transitions” in Cl**, Co®, 
Br®, and Sb!*4 


V. MYERS AND A. WATTENBERG 
Argonne National Laboratory, Chicago, Illinois 
January 17, 1949 


HE threshold reactions of photo-disintegration of Be’ 

and D? provide a convenient method for detecting weak 
high energy gamma-rays in the presence of intense gamma- 
radiation of lower energy. It is possible to detect gamma-rays 
that occur with a frequency of as low as 10-* photon per dis- 
integration. Such weak gamma-rays may arise either from a 
weak beta-ray branch or from high energy radiation from 
known excited levels. 


TABLE I. Cross-over energy and transition probabilities 
or Cl88, Co®, Br82, and Sb, 








Source Crs Coto Bré “Sbim 
Target material D:0 D:0 Be D:0 
Half-life 37 min. 5.3 yr. 34 hr. 60 days 
Ratio to Na™ of photo- 4X10-4 <2X10-6 9xX<10-4 2X10-* 
neutrons/curie 
Photons/disintegration* <3 X10-* <2 X10-6 1.4 X10-3 5 X10-4 
Measured energy — — 1.7-2.0 2.2-2.5 
Cross-over energy Ee(Mev) 3.75 2.4 2.90 23 
Cascade energies Ei(Mev) 1.60 1.1 1.35 1.7 
2(Mev) 2.15 1.3 0.55 0.6 
probabilities “ETpoeh 1x10" 4x10 3 x104 5 X10" 
Transition Ee@ +2 pole) ¢y19-6 1x10-6 1X10 210-4 


probabilities £;(/ pole) 








* Corrected for change of photo-disintegration cross section with energy 
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In Cl#8,! Co? Br®,3 and Sb!,4 gamma-rays are known to 
be emitted in cascade. An attempt has been made to investi- 
gate the frequency of occurrence of “cross-over transitions,” 
namely, the single step process from the initial to the final 
state. The techniques employed for determining the frequency 
of occurrence and energy of these gamma-rays are essentially 
the same as those previously described.® 

Because of the poor yield of photo-neutrons, it was neces- 
sary to use comparatively large quantities of D2O and Be 
(10-cm diameter spheres) and sources of approximately 10 
curies in strength. All measurements were made relative to Na™ 
where one energetic gamma-ray of 2.76 Mev is believed to be 
emitted per disintegration.® 

The detector for the energy measurements was embedded 
in a 10-cm diameter cylinder of paraffin. Only rough limits 
can be set for the energy of the gamma-rays because of the 
low statistics obtainable, and it is only in the cases of Br® 
and Sb! that the results are definitely indicative of the cross- 
over transition. For the yield measurements, a 20-cm cylinder 
of paraffin surrounded the detector to make a “long counter.” 
The results are shown in Table I. 

No photo-neutrons were observed from Co®+-D,0 or from 
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Br+D.0 indicating that these cross-over transitions occur 
with a frequency less than 2X10-* photon/disintegration. 
In Cl** there is a 4.9-Mev beta-ray branch. The bremsstrahlung 
from this beta-ray gave rise to some photo-neutrons so we can 
only set an upper limit for the cross-over transition. 

The transition probabilities for electric radiation have been 
calculated using a liquid drop model’ and are listed in the 
bottom rows of Table I. A comparison of these transition 
rates with the experimentally determined values of the number 
of photons per disintegration seems to indicate that the high 
energy gamma-rays in Br® and Sb™ are consistent with (/+1) 
pole radiations if the cascade is / pole and that the direct 
transition in Co® must be forbidden or of (/+-3) pole or higher. 
The result for Co® is not what would be expected from the 
results of Brady and Deutsch.* No conclusions can be drawn 
at present from the Cl#* data. 

1 Hole and Siegbahn, Arkiv f. Mat. Astr. 0. Fys. 33A, 9 (1946). 

? Deutsch, Elliott, and Roberts, Phys. Rev. 68, 193 (1945). 

3 Roberts, Downing, and Deutsch, Phys. Rev. 60, 544 (1941). 

4W. E. Meyerhof and M. Goldhaber, Phys. Rev. 72, 273 (1944). 

5 A, Wattenberg, Phys. Rev. 71, 497 (1947). 

* K, Siegbahn, Phys. Rev. 70, 127 (1946). 


7H. Bethe, Rev. Mod. Phys. 9, 69 (1937). 
_*E, Brady and M. Deutsch, Phys. Rev. 72, 870 (1947). 
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